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Chapter 1

Introduction

1.1 Overview of the Lattice Gas Scheme

To simphify a molecular dynamics program, one might consider a completely discrete
version of thangs. In this simplest case, one would still like to correctly simulate the
manv-hody svstem of N particles—that is, to capture all the relevant physical kinet-
ics. at least at a course-grained “hydrodynamic” scale—yet one would also like the
most severely restricted microscopic behavior. This is a minimalist’s delight. Each
particle has a definite position within a crystallographic lattice and time advances in
diserete units. Consequently, a particle can have only a certain value for its momen-
tum: that is. it can only move along the lattice directions going from one site to the
next. and so its velocity is quantized, v=nc, where n is a positive integer and ¢ = ¢/7
is the ratio of the lattice cell size to smallest unit of time. A particle occupies a point
on the lattice; it resides at a single site at a time. Given that a particle is a point,
the extent of information needed to encode its existence is a single classical bit. If
the bit is on, the particle is there. If the bit is off; the particle it not there.

But how many particles can reside at one site of the lattice at any particular time?

Received for publication, 9 November 1996.




A minimalist, in deference to Fermi-Dirac statistics, would immediately suggest an
answer: the maximum number of particles that can simultaneously reside at a single
lattice site must equal the maximum number of distinct momenta one is willing to
keep track of. To use “quantum mechanical” terms, each particle occupies its own

distinct local state.

In this way, the Pauli exclusion principle is enforced as there can be no more than
a single particle per momentum state. As a particle in state a at some lattice site
of the crystallographic space “hops” into state 3, say at a neighboring site, a digital
bit i3 moved from « and into 3. So in lattice gas dynamics one simulates a system
of Boolean particles. Global data permutations correspond to spatial translation
and endow the bits with “kinetic energy”. Local and conditional data permutations
correspond to collisional interactions between bits. Effectively, all the “computational
work” is placed in the collisional interactions, since it is there that the decisions are
made as to whether or not a set of Boolean particles should collide and if so how. This
computational picture of particle dynamics is related to finite difference methods for
solving partial differential equations [90, 23]. But the lattice gas methodology has an
intrinsic value beyond finite difference schemes in that there is no internal source of

error in the numerical treatment, it is therefore referred to as ezactly computable.

'To complete the introduction to lattice gases, some historical notes about the
subject are presented and some computational attributes unique to lattice gases are
discussed (this is provided as motivation to show why one might want to study lattice
gases). The introduction concludes with a section outlining the organization of this

volume on lattice gas dynamics for viscous fluid simulation.




1.2 Background

Let me briefly review some of the historical developments in the lattice gas field. An
overview of the lattice gas subject has been given by Boghosian [14]. Lattice gases are
a special case of cellular automata, popularized in the 1980’s by Ed Fredkin [40] and
by Stephen Wolfram [95, 96]. An early treatment of the cellular automata subject
is presented by Tommaso Toffoli and Norman Margolus in their book on cellular
automata machines [92]. Following the cellular automata paradigm, lattice gases are
ideally suited for fine-grained parallel processing.

Simple implementations of a discrete molecular dynamics on a square lattice were
investigated in the early 1970’s by the French, in particular Yves Pomeau and cowork-
ers [48]. By the late 1970’s, cellular automata research was underway at the Informa-
tion Mechanics Group at MIT on reversible computation by Edward Fredkin, Tom-
maso Toffoli, and Norman Margolus[88, 40, 62]. The idea of building special-purpose
machines to simulate these physics-like models on a fine-grained space [89, 62] orig-
inated there. A good review of the kind of cellular automata modeling done in the
early 1980’s is given by Gérard Vichniac [94]. During this time, Stephen Wolfram
visited the Information Mechanics Group and was stimulated by their work. In 1983
Wolfram popularized cellular automata as a simple mathematical model to investi-
gate self-organization in statistical mechanics [95, 72]. Beyond this, no useful insights
towards understanding or modelling real physical systems arose.

After visiting the MIT Information Mechanics Group in 1983 and seeing a simple
discrete gas on a square lattice running on the cellular automata machine CAM-5
of Toffoli and Margolus [90, 89], Pomeau realized the potential for simulating large

fluid systems and much new interest and activity in the field emerged. A race began
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to theoretically prove that a hydrodynamic limit emerges from simple lattice gas
rules. The intense interest was not stirred as much by the subject of hydrodynamics
itselt, but instead by the possibility of a simple cellular space-time model capturing
such complex natural behavior in an exact way. In 1985 Wolfram completed the
first hydrodynamics simulations on a triangular lattice [98] on the first Connection
Machine—at that time, lattice gases were a very appropriate application for the
bit oriented single instruction, multiple data Connection Machine. By 1986 Frisch,
Hasslacher, and Pomeau had reported the existence of an isotropic two-dimensional
lattice gas on the triangular lattice [42]. In the same year Wolfram completed the
most detailed treatment of the basic theory of discrete fluids including novel symmetry
considerations and introduced the Boltzmann approximation. Frisch et al. found the
minimal lattice symmetry needed to recover isotropic flow in the continuum limit is
a triangular lattice with a particle possessing six momentun states. Their model is
now referred to as the FHP-model or hexagonal lattice gas model. Accompanying
the seminal 1986 FHI paper was a paper by Margolus, Toffoli, and Vichniac on
. cellular-automata supercomputers for fluid-dynamics modeling [66]. The contribution
of Margolus et al. was meant to complement the theoretical work of Frisch et al.,
pointing out that with dedicated computational hardware the lattice gas models may

gain an advantage over traditional methods of physical modeling.

By 1987 the lattice gas methodology was extended to model three-dimensional
flows. The minimal lattice found by Frisch et al. [41] was the face centered hypercubic
(fche) lattice. The fche lattice with 24-nearest neighbors is projected onto three
dimensions in a simple fashion by limiting the depth of the fourth dimension of the

simulation volume to one lattice link. Much effort was spent on finding optimal
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collisions to minimize the viscosity of the fluid [50], however this task has proven
very difficult. ‘The reason for this difficulty is that the fchc lattice gas has 224 or
16.7 million input configurations. In practice, all possible collisions are not included
in a simulation because of the large demand for local memory needed to pre-store
all the necessary collisional events in table look-up format—an efficient scheme for
implementing complex interactions. To ease memory loads, lattice isometries are

exploited to reduce the size of look-up tables [83].

The lattice gas approach has been extended to the direct simulation of the Boltz-
mann equation [60, 74, 69, 27], since space and time are discrete it is termed the
lattice-Boltzmann equation [23]. Since the Boltzmann equation is an integrodifferen-
tial equation, usually a cutoff to the collision integral is made to treat the Boltzmann
equation as an approximate differential equation. In the lattice gas community, typ-
ically the collision integral is reduced to a simple form introduced in 1954 by D.
Bhatnager, E. Gross, and M. Krook [10]. A more descriptive title for the mesoscopic
transport equation would be the lattice-Boltzmann equation in the BGK approrima-
tion. In place of the exactly computable microscopic dynamics of Boolean particles,
one begins at the mesoscopic regime which deals with the probability of a particle
occupying a given momentum state. This probability is set by a certain statistical
distribution function of choice. So, the lattice Boltzmann equation is the transport
equation for the single particle distribution function. The approach offers both theo-
retical and computational advantages. For modelling, one specifies a priori the single
particle equilibrium distribution. Computationally it has the advantage of eliminat-
ing inherent noisy fluctuations in the simulation, but at the expense of discarding

semi-detailed balance and information concerning particle-particle correlations.
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The lattice Boltzmann equation in the BGK approximation is a unique contribu-
tions of the lattice gas community to high-performance computational physics [55].
The lattice Boltzmann equation, usually implemented within one hundred lines of
code on a massively parallel processor?, allows one to efficiently model complex flu-
ids and provides a straightforward particle-based metaphor to computation. It relies
on floating point calculations and therefore is suited for massively parallel machines
such as Thinking Machine’s Connection Machine-5 (CM-5), International Business
Machines’s SP-2, or Cray T3E. Essential connections between physics and computing
are lost in this method. It is a finite difference method useful for the simulation of
viscous fluids [68] and multiphase fluids [78]. It offers no intrinsic promise to explore
essential connections between physics and computing. Therefore, lattice Boltzmann
simulations are not treated in this volume.

The hope of modeling very high Reynolds number Hows by lattice gas methods
has not been realized, even with models that violate semi-detailed balance—lattice
gas models in the Boltzmann approximation have shown considerably more success
in achieving high Reynolds number flows®. The simulation of high Reynolds flow by
a quantum lattice gas is investigated in volume III [103].

Areas of lattice gas research include: hydrodynamics and thermohydrodynamics
[27, 35, 44, 2, 68], immiscible fluids (76, 26, 47, 46], multiphase systems (22,4, 3,5,104,
45,78,101, 99, 79], reaction-diffusion systems [32, 58, 54], magnetohydrodynamics [24,

25, 28, 67], flow through porous media [75, 29], renormalized kinetic theory [56, 18, 51,

2See Appendix C for example of lattice-Boltzmann code written in the parallel C-Star language
for the Connection Machine-5.

3Lattice Boltzmann simulations for three dimensional flows with Reynolds numbers of about
50,000 were presented in June 1993 at the International Conference on Pattern Formation and
Lattice-Gas Autonata sponsored by the Fields Institute, Waterloo, Canada.
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19, 93, 71, 12], and quantum dynamics [84, 85, 16, 105]. A good review of the lattice
gas subject, with particular emphasis on interfaces, phase transitions, and multiphase
flow, has recently been presented by Rothman and Zaleski [77]. Additionally, a fairly
comprehensive bibliography of the subject has been compiled [53].

Recently the first prototype of the next generation cellular automata machine,
CAM-8, has been constructed [65]. The current 8-module CAM-8 prototype, with a
site density of 224 16-bit sites per module, has a total of 128 million sites. A machine
with one billion sites whose total space can be updated in less than a second has been

designed [91].

1.3 Lattice Gas Attributes

There are several motives for studying lattice gases, some practical and some theoret-
ical. Commonly cited motives are oriented towards computer science and issues re-
lated to massively parallel processing or reasons related to modeling physical systems
with complex boundary conditions. The lattice gas’ attributes usually mentioned in
the literature include: 1) bit “democracy”; 2) simplicity and universality; 3) exact
computability; 4) locality; and 5) unitarity.

Firstly, to quote Frisch, a lattice gas possesses “bit democracy.” It was believed a
decade ago that lattice gases would be efficient for physical modelling. However, it is
now quite clear that lattice gases are generally very inefficient at this. In floating point
calculations there exist uncontrolled round-off errors in the least significant bits. The
most significant bits are weighted exponentially more than the least significant bits
(because of the exponential encoding used in floating-point numbers). Consequently

the value of the most significant bits determines the computational outcome, at least
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under numerically stable conditions. In contrast, in lattice gases all bits have equal
weight (an exception to this is the integer lattice gas that is discussed in detail in the
last chapters 5 and 6 of this volume). Bit democracy usually is not as efficient vis a
vis bit weighting found in standard numerical methods. In a simple lattice gas, only a
single bit is used to represent a particle, whereas in molecular dynamics a few hundred
bits are used (six Hoating-point numbers for position and momentum). Nevertheless,
molecular dynamics is in most cases a much better modelling tool. The only exception
to this general rule occurs at large hydrodynamic scales and for quite complex fluids.
Under these cirenmstances, lattice gases can outstrip molecular dynamics, and lattice
gases are the best modelling tool (in this area of computational physics usually no
competing high level scheme exists) [15]. These issues are explored in detail in Volume

I on long-range lattice gases for multiphase fluid dynamics [102].

Secondly. lattice gases possess an inherent simplicity and universality. Just as
simple models i statistical mechanics, such as the Ising model, shed light on equi-
librium thermodynamics and equilibrium critical phenomena, so too do lattice gas
models shed light on kinetics and dynamical phenomena [104]. Moreover, its inherent
simplicity gives the lattice gas pedagogical value since many properties of macroscopic
systems can be predicted through analysis of simple local microscopic properties. For
example, lattice gases are a simple way to understand details of fluid system properties
such as the dependence of the shear viscosity on particle collision rates. Most compu-
tational fluid dynamics codes are complicated and intricate in their approximations.

In contrast, lattice gases are the simplest conceptual expression of Navier-Stokes flow.

‘Thirdly, lattice gases are exactly computable. Lattice gases can model classical

systems while keeping mass, momentum, and energy exactly conserved. Exact mod-
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eling is valuable, for example, in cases where multiparticle correlations are essential
to the system’s behavior. Lattice gas simulations can verify theoretical predictions
beyond the Boltzmann mean-field approximation of uncorrelated collisions: the phe-
nomenon of long-time tails in the velocity autocorrelation function [1, 73, 37) has

recently been observed in lattice gases [56, 18, 19].

Fourthly, like their cellular automata cousins, lattice gases are local. The com-
bination of simplicity and locality of lattice gas rules allows—in principle—nearly
ideal logic density. The highest logic density that one could physically imagine would
be the atomic density of solids. There is the interesting prospect of lattice gas ar-
chitectures built at such a high informational density, termed nanoscale computing.
There is hope that in the future computation will be achieved with “quantum gates”
[63,61, 11,49, 7]. In fact the first quantum gate has recently been implemented using
nuclear magnetic resonance spectroscopy where a few nuclear spins in each molecule
of a liquid sample embody quantum bits [31]. As the fundamental computational
element’s size reduces to nanoscale ranges its behavior is governed by quantum me-
chanics. This leads to the following discussion of a quantum version of a lattice
gas.

Fifthly, the evolution operator for quantum lattice gases is unitary—a quantum
lattice gas is a generalization of a classical lattice gas where quantum bits replace
classical bits, see Volume III [103]. Quantum mechanics requires unitary, and hence
invertible, time evolution—the microscopic reversibility of the lattice gas dynamics

is important here.* The ultimate type of computation would allow one to exactly

1Even before quantum mechanics becomes a constraint, the reversibility of lattice gas dynamics
may become a significant benefit, since at very high logic densities the dissipation of heat caused by
irreversible comnputations has already become an important engineering issue 8, 9].
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represent a quantum system. In the context of computation on a discrete spacetime
lattice, Feynman noticed “the possibility that there is to be an ezact simulation, that
the computer will do ezactly the same as nature” [38]. He hoped that using computers
in an exactly computable way might lead to new possibilities in our understanding
of physics. Feynman introduced a brand new notion: there may exist the possibility
of a quantum computer [39]. Quantum lattice gases are a realization of this.® It
is believed that quantum lattice gases can exhibit emergent behavior quite similar
to the many-body behavior described by the Schrédinger equation of nonrelativistic
quantum mechanics [84, 85, 16]. Volume III on lattice gas dynamics for quantum
fluids explores some lattice based models for quantum computation. For example,
it is shown that an array of quantum bits evolving by a particular local unitary
evolution operator can Bose condense in close analogy with the Helium II phase of

the He* isotope below the A-point [105].

1.4 Organization

"This volume is the first of three volumes that treat the subject of lattice gas dynamics.
This volume focuses on viscous fluid dynamics and sets a foundation for the next two
volumes which deal with generalizations of the method presented here. Volume II
deals with nonlocal lattice gases. Here the generalization comes about by including
two-point interparticle interactions. This is an appealing alternative to molecular

dynamics in that multiphase fluid behavior is simulated at hydrodynamic scales not

51t has been shown by Shor [81] that quantum computers, good at finding the period of periodic
functions, can be used to factor large numbers, a computational task whose complexity falls into the
nonpolynomial-complete algorithmic class. That is, no classical computer can effectively factor a
number of arbitrarily large size, and this fact is the cornerstone upon which cryptographic algorithins
are based. The prospects for building a quantum computer are just beginning to be explored [82, 34].
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achievable by molecular dynamics. Volume III deals with quantum lattice gases.
This new type of lattice gas is also quite appealing since it addresses the feasibility

of performing quantum computation on a large collection of spin—% quantum objects.

Lattice-based particle models implemented on spatially fine-grained parallel com-
puters can represent, in a coarse-limit, interesting physical dynamics in a way that
offers the computational physicist exactly computed results not easily obtained with

conventional techniques implemented on conventional computers.

A self-contained review of the lattice gas subject sufficient for one to understand
how to model viscous hydrodynamics is provided here. The mathematical treatment
presented is carried out in a arbitrary number of dimensions. For simplicity when
doing numerical verification, two-dimensional lattice gas simulations have often been
implemented and tested.

The analysis of the lattice gas system is applied at three separate limits or physi-
cal regimes. The microscopic limit deals with the individual motions of the particles
in the system. At this level a particle is nothing more than a single bit of informa-
tion and everything is discrete. Next, the mesoscopic limit deals with the expectation
value of microscopic quantities obtained by ensemble averaging in the grand canonical
ensemble. The statistical mechanics treatment applies at the mesoscopic limit. Fi-
nally, the macroscopic limit (also referred to as the scaling limit) deals with emergent
hydrodynamic behavior of the system. In this limit, one characterizes the dynamical
behavior of the system by emergent partial differential equations of motion, one for
each additive conserved quantity of the system (viz. mass, momentum, and energy).

In the macroscopic limit everything is continuous and the system behaves like a fluid.

I address neutral, incompressible, viscous hydrodynamics and thermohydrody-
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namics. Some of the material here is well known by the lattice gas community and
is given as review material of the subject of lattice gases with purely local collisions.
Presented is the concept of collisions and streaming and the lattice gas microdynam-
ical transport equation. One goes from a microscopic description to a mesoscopic
one by ensemble averaging. The mesoscopic equation is the lattice Boltzmann equa-
tion. The macroscopic limit is reached by performing a Chapman-Enskog expansion
of the mesoscopic particle distribution function in terms of the macroscopic density
and velocity variables. Although the microscopics is severely discretized, the resulting
form of the macroscopic equation is a well defined partial differential equation, the
Navier-Stokes equation for incompressible viscous fluids.

The theoretical description presented for a discrete lattice gas system is new. I be-
gin by recovering the lattice gas microdynamical transport equation from Hamilton’s
equations. The idea of particle kinetics on a lattice embedded in continuous space
is presented and some useful mathematical tools are introduced for the purpose of
doing discrete calenlus on the lattice. A discrete Green’s function is used to formulate
the interacting part of the Hamiltonian. The equations of motion for a single lattice
gas particle are then cast in Hamiltonian format. The Ilamiltonian for a many-hody
system is then obtained by summing the single particle Hamiltonian over all sites of
the lattice and over all lattice directions.

All the exact numerical simulations of some new lattice gases® have been car-
ried out on the cellular antomata machine (CAM-8), and in fact are the first lattice

gas experiments conducted on this prototype machine.” T'he lattice gas experiments

In Volume II, focus is on novel classical lattice gases with long-range interactions as a way to
model finite-temperature multiphase dynamics and molecular dynamics for solid-state modeling.
‘A brief description of the CAM-8 architecture is given in Appendix A.
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presented here are the first of their kind carried out on the new prototype machine
beginning in 1992, the cellular automata machine CAM-8, the architecture built by
Margolus and Toffoli [64]. Results of the simulation range from viscous hydrody-
namics to multiphase systems to solid-state systems to quantum systems: (Volume
I) Rayleigh-Bénard convection instability, Kelvin-Helmholtz shear instability, and
Von-Karman vortex shedding instability; (Volume II) liquid-gases, spinoidal decom-
position, and liquid-solid melts; and (Volume I1I) superfluidity and second sound.

Also presented in this volume is a treatment of a multispeed lattice gas. Sound
speed versus temperature measurements for a simple hydrothermal lattice gas are
given to illustrate the behavior of this lattice gas.

A novel integer lattice gas is presented [17] and a mean-field prediction for the
shear viscosity is shown to agree with numerical experiment. The integer lattice gas is
shown to obey fractional statistics, which is a simple closed form analytical function.
The form of this fractional distribution function reduces to identically the Fermi-
Dirac form in its one-particle-per-momentum-state limit and furthermore reduces to
identically the Bose-Einstein form in its infinite-number-of-particles-per-momentum-
state limit. A statistical mechanics treatment of the subject which has not been

previously worked out for any lattice gas system is presented here.
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Chapter 2

Single-Speed Lattice Gas Theory

A Boolean formulation of an exactly computable dynamical system, known as a
lattice gas, is given as a discretization of classical kinetic transport of a system of
identical particles. The discretization disconnects collisional scattering from kinetic
transport, or streaming. The disjoint events are both fixed within a cellular phase
space.

The lattice gas dynamics is stated in a way that is consistent with the Boltzmann
equation for kinetic transport. In essence the lattice gas dynamics are a simplified
form of molecular transport restricted to a cellular phase space.

In this chapter, the dynamics is described at the microscopic, mesoscopic, and
then macroscopic scale. Starting with a discrete microdynamical transport equation
for number variables (the particle occupations), mesoscopic equations are obtained
by averaging over an ensemble of states. In this way a Boltzmann equation is ob-
tained for the particle distributions. Next, the macroscopic equations, in particular
mass continuity and the Navier-Stokes equation for viscous incompressible flow, are
obtained by a Chapman-Enskog expansion. The scheme exploits the isometries of
the finite-point group of a crystallographic spatial lattice to recover isotropic fluid
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Table 2.1: Glossary of Model Constants
Constants Names

length unit

time unit

mass unit

velocity unit ({)

spatial dimension

lattice coordination number
unit lattice vectors

number of bits per channel
directional index (1,2,..., B)
1,7, k,1 spatial indices

2 PO 33

Table 2.2: Glossary of Single-Speed lattice gas Variables (L=1)

Variables Names

p number of particles per collision
T, Boolean particle number variable
fa particle distribution function
Q collision operator
Jab Jacobian matrix
| @) eigenkets of J
Kq eigenvalues of J
Cs sound speed
P pressure
p density
v; velocity
I1;; momentum flux density tensor
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Table 2.3: Statistical Mechanics Glossary of Variables
Variables Names

GRAND CANONICAL ENSEMBLE

grand partition function
grand potential

connected correlation functions
distribution function

reduced distribution function
fugacity

inverse temperature
chemical potential

pressure

temperature

entropy

volume

number of particles

Z<URNTE e .S o

dynamics in the macroscopic limit.

In this chapter on single-speed lattice gases, since I am concerned only with recov-
ering viscous incompressible fluid dynamics, it is important at the outset to explain
the characteristics of this flow regime. In the incompressible limit the fluid density is

constant and mass continuity is equivalent to the fluid being divergenceless
Oiv; = 0. (2.1

In an ideal fluid, with a nonthermal equation of state, the pressure is directly propor-

tional to the density with the square of the sound speed the constant of proportionality
o 2
p = pc;. (2.2)

This is a viscous fluid. In the incompressible limit, a fluid can also be characterized
by one transport coefficient, the shear viscosity, denoted 7(p) and for incompressible

lattice gas fluids has been extensively studied [41, 83, 50, 100]. It is a density depen-
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dent coefficient that determines the rate of momentum diffusion within the fluid. I
do not concern myself with the other transport coeflicients: there is no bulk viscos-
ity coeflicient since the flow is divergence-free, and there is no thermal conductivity,
since there is not a separate energy equation. Therefore, in the continuum limit of
this flow regime, momentum conservation implies the simplest form of the nonlinear

Navier-Stokes equation
pO; + gpd;(viv;) = —B;p + 1d%v;, (2.3)

where the factor, g, is unity for real fluids but usually not unity in lattice gas models—
g is referred to as the Galilean prefactor. The nonlinearity of the dynamics comes
about because of the v;v; term, the so called convective term, that gives rise to
interesting flow instabilities (in Chapter 3, see for example the well known Kelvin-
Helmholtz instability depicted in Figure 3.10 and the Von Karman instability depicted
in Figure 3.11).

So the agenda is to introduce an artificially discrete microscopic dynamical system
whose evolution in the continuum limit is described by a simple but nonlinear fluid
equation. In this Chapter I deal only with the simplest discrete microdynamics that
involves only local collisions.

The discrete nature of the lattice gas microscopic dynamics implemented on
present day computers has low spacetime resolution. To state this another way, as
a general rule, the characteristic length and time scales of a lattice gas simulation
are relatively small. The exception to this rule occurs for lattice gases that model a
complex fluid. The term complex fluid refers to any fluid where the form of its con-
tinuum dynamical equations is either uncertain or altogether unknown. Examples of

complex fluids are a multiphase fluid such as a liquid-gas system, and a multispecies
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fluid such as a microemulsion with two immicisible species and a dipolar surfactant.
In this first part of the dissertation where I consider only viscous fluids, a gain in
resolution is not obvious (later in the second part where I treat multiphase fluids, the

gain in resolution will be apparent). To clarify issues, let us try to see why this is so.

There are two ways one could attempt to do hydrodynamics on a computer. The
first way is to do a complete molecular dynamics treatment of a many-body system, a
very low-level approach. With the largest available computers today capable of simu-
lating the complete molecular dynamics of hundreds of millions of particles, emergent
hydrodynamic behavior of the system of particles is observed. Yet the characteristic
scale of the hvdrodynamic flow remains extremely small, on the order of a single
micron. This is far too small for most hydrodynamic problems of interest and conse-
quent!y molecular dynamics is not used as a tool for hydrodynamic modeling of ideal
fluids. The second way to do hydrodynamics on a computer is to directly implement
the Navier-Stokes equation using either a finite-differencing scheme, a finite-element
scheme, or a spectral scheme for example. With this kind of high-level approach, the
charactenstic hydrodynamic scale modeled can be increased to any arbitrary size so
long as the Revnolds number of the simulation matches that of the fluid system of

interest (and Re < 10,000 in 3D).

The lattice gas approach is a non-traditional way to do hydrodynamics on a com-
puter. Here the characteristic scales achievable for ideal fluids is on the order of a
single meter, a million times greater than that achievable using traditional molecu-
lar dynamics. The point is that although the resolution attainable by a lattice gas
method is far smaller than that of a high level scheme, a spectral or finite element

scheme for example, it is nevertheless far greater than the resolution offered by molec-
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ular dynamics. Since for complex fluids one often does not even know the continuum
dynamical equations, high level schemes are not even an option for modeling the
system. So one would traditionally have to resort to a low-level molecular dynamics
treatment and suffer a lack of system resolution. The lattice gas approach offers a way
to model the continuum behavior of the system with a significant boost in resolution
over that offered by molecular dynamics for systems that cannot be modeled by some

high-level scheme.

The primary reason for this boost in resolution over molecular dynamics is that
in the artificial microworld of the lattice gas, much microscopic detail is left out by
the severe discreteness in the numerical treatment. Consequently, in a lattice gas the
typical distance between particle collisions, the mean-free path, is only a single lattice
spacing. And the typical time between particle collisions, the mean-free time, is only
a single time step iteration. So in every computational step of the lattice gas model,
every particle undergoes a collisional scattering event. In molecular dynamics this is
not at all the case. For a particle to traverse the distance of a mean-free path and
for the elapsed time to span the period of a mean-free time, hundreds or thousands

of computational iterations are expended.

The discreteness of the artificial microscopic world also provides several menac-
ing handicaps. Specifically, there is a lack of Galilean invariance, substantial noisy
fluctuations, and a limitation to subsonic flow regimes. Over the past several years,
the lattice gas community has strived to overcome these handicaps. For example, the
lattice Boltzmann method recovers Galilean invariance and is essentially a noiseless
method, yet it sacrifices exact computability and is plagued with numerical instabil-

ities. I have found a new and interesting way to overcome these handicaps without
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sacrificing exact computability, using an integer lattice gas [17]. This generalization
of a Boolean lattice gas is discussed in Chapter 5 later in this report.

Remark:

It is an interesting fact, and perhaps inevitable, that to obtain an ezactly computable
representation of fluid dynamics one must resort to performing a statistical treatment

over discrete number variables that locally interact according to some simple fizxed sets

of rules.

2.1 Microdynamics: An Exactly Computable Dy-
namical System

2.1.1 Preliminaries

Before introducing the basic lattice gas microdynamical transport equation, let us give
some notational conventions. Consider a spatial lattice with /V total sites. Particles
have a unit of mass m and propagate on the lattice. The unit of length is the size of
a lattice cell, £, and the unit of time, 7, is the time it takes for a particle to go from
one lattice site to a nearest neighboring site, so the unit propagation speed is defined
by ¢ = é

The lattice vectors denoted by e,; where a = 1,2,..., B define a Bravais lattice,
where B is the lattice coordination number. I will be quite selective when choosing a
vector set {e,;}. The set will be a valid set only if all n-th rank tensors composed of
a product of these lattice vectors are isotropic and fully symmetric under interchange
of indices, see §2.1.2 below.

A particle’s momentum state is completely specified at some time, ¢, by specifying

its location on the lattice, ;, and its direction, mece,;, at that location. The particles
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locally obey Pauli exclusion since only one particle can occupy a single momentum
state at a time and are consequently Fermi-Dirac distributed. The number of con-
figurations of momenta states per site is 2. The number of possible single particle
momentum states available in the system is N,,,, = BN, so the number of system
configurations', or phasespace points, is 28V, With P particles in the system, denote
the background filling fraction, or the reduced density, by d = -}3—,\,%. Note that
0 <d < 1and for a large system d is considered a continuous variable.

The number variable, denoted by n.(Z,t), takes the value of one if a particle
exists at site £ at time ¢ in momentum state mcé,, and takes the value of zero
if a particle is not present at 7 at time ¢ with momentum mcé,. As a matter of
notation it should be understood that whenever a directionally dependent quantity
is written, its subscripted index is taken modulo B. For example, it is understood
that 7a44 = Hpuwipiass)- In terms of these quantities, the particle’s momentum may
be expressed as

Pai(T, t) = meeqging(T,t). (2.4)
2.1.2 Isotropic Lattice Tensors

Construct an u-th rank tensor composed of a product of lattice vectors [97]
E™ = Ey iy = Y (ea)iy - (€a)i,- (2.5)

It is implied that sums over a directional index range from 1 to B, Y. =38 . Al
odd rank E vanish. Express E®") in terms of Kronecker deltas, 0ij =1lfori=3j
and zero otherwise. This problem of expressing the E-tensors in terms of products of

Kronecker deltas can be turned into a problem of combinatoric counting.

IFor a typical lattice gas in two dimensions B = 6 and N = 1,000,000, so the number of
phasespace points 26900900 iy (ite large.
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It is possible to enumerate all the possible symmetric tensors with even rank,

denoted A", For n = 1 the second symmetric rank tensor is
AR =6, (2.6)

Next, consider the n = 2 case, the fourth rank tensor AS,':,). Since the Knonecker delta
is symmetric in its indices, the following four products are identical: &;;01 = ;0 =
;61 = 6;i0ik. The degeneracy is 22. Furthermore, the order of the Kronecker deltas
also doesn’t matter since they commute; that is, &;;0, = 818;;. This degeneracy is
21, So for n = 2, the total number of ways to write a fourth-rank tensor as a product
of two Kronecker deltas is 222! = 8. The total number of permutations for 4 indices
is 4! = 24. So from this counting procedure, it is follows that A™ consists of %‘1 =3

terms. Therefore, for n = 2 the fourth rank symmetric tensor is

A,(;,)u = 8;0u + Oir0ji + it0y;. (2.7)

For the case where n is arbitrary, there are 2" identical ways of writing the product of
n Ironecker deltas. For each choice of indices, there are an additional n! number of
ways of ordering the products. Therefore, the total number of ways to write an 2n*"-
rank tensor as a product of n Kronecker deltas is 2"n! = (2n)!!. The total number of
permutations for 2n indices equals (2n)!. So from this counting procedure it follows
that A" consists of a sum of ?%:%?, = (2n — 1)!! terms. That is, for n =3, A will
have fifteen terms, for n = 4, A® will have 35 terms, and so forth.

Using cartesian unit vectors, in two-dimensions for example, write
AP =z 4+ 97 (2.8)
It follows that
6iib = (&3 + 99)i(2E + §9)u (2.9)
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= (TR + 2Z9Y + GYLE + DY )ikt (2.10)
and similarly

GUTY) ikt (2.11)

+ +
EYYE + YLEY + GIIT)itrs - (2.12)

AW = 33337 + 39997 + TYYT + YT + FYTY + 99T + 2YIT + 9829, (2.13)
Knowing that for £ to be isotropic and symmetric, it must be proportional to A
E®) = o@rIA@n) (2.14)

The constant of proportionality, a®®, may be obtained by taking the trace succes-

sively as follows. Since e,;€,; = 1 and §; = D, for n = 1 it follows that

Z €qi€ai = 0(2)5,‘,‘ — 0(2) = -D—, (215)
giving the result for the second rank tensor
B
E? = 5 (2.16)

Since §;ji = (D + 2)6;; and consequently §;;; = D(D + 2), for n = 2 it follows that

B
Eﬂ:eaien-ieajeaj = 0(4)65ijj — 0(4) = -D—Zm, (217)
giving the result for the fourth rank tensor
E®W = DD +2) (6501 + 8ixbjy + 6udy;) - (2.18)
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Continuing this procedure, in general, the lattice tensors are

E@®H) = ¢ (2.19)

B
@) = . 2.20
E DDty - D+m-2" (220)

In this chapter product tensors up to E™ will be needed, but not beyond. Appropriate
choices for the lattice vector sets are: D = 2, the triangular lattice with B = 6; D =3,
the icosahedral lattice with B = 12; and D = 4, the face-centered hypercubic lattice

with B = 24 [97).

2.1.3 Dynamical Transport Equation

The evolution of the lattice gas is written in terms of n, as a two-part process: a
collision part and a streaming part. One therefore expresses the microscopic dynamics
by writing down a collision equation and a streaming equation for the occupation
variable n,(,t). Both of these equations are quite simple. Combining them gives
the lattice gas microscopic transport equation.

If a single bit is used to encode a particle’s position and momentum state (referred
to as the I = 1 case where L is a model parameter for the number of bits per local
momentum state), at every site in the lattice there are B bits and consequently 2B
possible local configurations. All these local configurations could be partitioned into
mutually exclusive sets. A set of local configurations where every element of the
set is a local configuration with the same value for the invariant quantities for the
particular system (i.e. mass and momentum for a single speed lattice gas) is termed
an equivalence class and is denoted £C. A lattice gas collision operator has the

property that it will cause transitions from one local configuration to another, where
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the “incoming” and “outgoing” configurations are elements of the same equivalence

class.

Denote a particular incoming configuration at some spacetime point (Z,t) by the
set A(T,t) = {ni(&,t),n2(7,1),...,np(&,t)}. After the collision step, the particles
would be in a new outgoing configuration, denoted n/(#,t) = {n}(Z,¢), no(Z,1),...,np(Z,1)}.
The collision part of the dynamics permutes the particles locally at each site and this

is written as follows

L (%,t) = ng(x, 1) + Qu (77, 1)), (2.21)

a

where (2, represents the collision operator and in general depends on all the particles,
7, at the site. In the streaming part of the dynamics a particle at position ¥ with
momentum mcé, “hops” to its neighboring site at £4¢é, and then time is incremented

by 7
1o (& + €éq, t + 7) = n! (7,1). (2.22)

Combining the collision equation (2.21) and the streaming equation (2.22) gives the

lattice gas microdynamical transport equation of motion

Na(& + Cea,t + 7) = ng(&,1) + Q[A(F, 1)]. (2.23)

In a classical lattice gas, the collision operator can only permute the particles locally
on the site and so the local particle number is conserved before and after the collision.
The outgoing configuration, 7', can be chosen deterministically or probabilistically.

But regardless of the collision mechanism, the set of outgoing bits {nl,nh,...,ng}
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must be a permutation of the incoming bits {ng,na,. .., n,;}.2
n(F,t) =Y 0 (&1) = > na(,1). (2.24)
a a

Lquation (2.24) defines the local number of particles. Summing (2.23) over lattice

dircctions then implies the following constraint on the collision operator
> Q. =0. (2.25)
a
We may define the local momentum as
pi(Z,t) = che,,,-')ﬁ,(:Yr, t) = mcz eailta (T, 1), (2.26)
a a

whicl of course must also be conserved before and after a collision. Again, this
imposes a constraint on the collision operator that for all ¢ the following sum must

vanish

> aifla = 0. (2.27)

"These constraints (2.25) and (2.27) on the collision operator will allow us to obtain the
proper form of the macroscopic equations of motion, in particular the mass continuity
equation and the Navier-Stokes equation.”

There are several ways to allow for collisional transitions between clements of an
equivalence class. 1t is important to catagorize the possibilities because they deter-
mine the underlying nature of our artificial microworld: whether it is deterministic
or statistical, whether it satisfies detailed balance or semi-detailed balance (defined

below), and whether there exists a time-reversal invariance.

2For a quantum lattice gas, this restriction is lifted. The outgoing configuration is not a permu-
tation of the incoming configuration. Instead, the outgoing configuration can be a superposition of
any configurations within the respective equivalence class. This quantum generalization of a classical
lattice gas is treated in Volume III [103].

3This is so only if detailed balance or semi-detailed balance is obeyed: -these are defined below.
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Consider a simple equivalence class with four members: {A, B,C, D}. The likeli-
hood of all collisions can be expressed in a 4 x 4 matrix, called the transition matriz,
whose element T;, ,» gives the probability of transition for state n to state n’. In this

simple example, the transition matrix is

Tags Tap Tac Tap
T = Tpa Tgp Tpc Tgp ' (2.28)

Tca Tes Tec Tep
Tpa Tpos Tpc Top

An energy-sector is the set of all states with the same total energy. The statistical
mechanics of a lattice gas system is worked out below, but for now it is assumed
that the probability for being in a state depends on the total energy of the state.
In a particular energy sector, the transition matrix must satisfy the property that
the marginal probabilities all sum to unity, along both the columns and rows of the

matrix. The sum along columns is the semi-detailed balance condition

S Ty =1, (2.29)

and the sum along rows is the conservation of probability condition
S Tpp =1. (2.30)

Note that summing over all collisions gives back the size of the equivalence class,

denoted by || T'||. That is,

> Lw=lITI. (2.31)
n,n'€EC

A deterministic dynamical system is one whose transition matrix components are ei-
ther zero or one. The trivial deterministic transition matrix is just the identity matrix
that maps all states onto themselves. There are two types of deterministic transi-

tion matices, symmetric and non-symmetric. An example of a symmetric transition
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matrix is the following

0100
100 0

T=|y o 0 1 (2.32)
0010

where configuration A <> B and configuration C' «» D, and a non-symmetric one is

(2.33)

[ =
cCc o -
cCcC =
- Cc o

where configuration A - B = C — A and configuration D does not make a transi-
tion. Traditionally, these two types of transition matrices are said to describe systems
that obey deterministic detailed balance and deterministic semi-detailed balance, re-
spectively.

The deterministic transition matrices are permutation matrices. One way to ex-
press a deterministic transition matrix is to specify the collision operator, {1, as a
polynomial in the number variables as follows

Qo= D, aQulir,... i), (2.34)
{i1ysin YEEC
where {i1,...,%} i3 a set of occupied particle states, a € {—1,0,+1} is a scalar

coefficient, and where each term in the sum is written in factorized form as

: . Tariy Natin 1
Qaliyy.- . ix) = T1(1 = nass)- (2.35)

11— Na-+i, 1- Natip j=1

€, in (2.34) is deterministic and the associated transition matrix is a permutation

matrix.4
1For example, on a square lattice with B = 4 lattice vectors, & = &, é; = g, & = —&, and
é3 = —y), consider the collision operator in the mass two and momentum zero equivalence class.

There are two clements of this equivalence class, A = {1,0,1,0} and B = {0,1,0,1} and the
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A statistical dynamical system is one whose transition matrix components are
fractional numbers. Again, there are two types of statistical transition matices, those
obeying statistical detailed balance and those obeying statistical semi-detailed balance
depending on whether they are symmetric or non-symmetric. An example of a tran-

sition matrix obeying statistical detailed balance is the following

1 1
0 5 5 0
L g ¢ 1L
T = z 0 0 i (2.36)
2 | ] 2
0 3 5 0
and a statistical semi-detailed balance one is
0o L ¢ 1
0o 0 L 1
g1 0
2 2

A uniform statistical transition matrix obeys detailed balance and has all components

collision operator is
Q5 = Qa(1,3) = Qa(0,2) = nat1ma43(1 — na)(1 = na2) = Nanatz(1 = nars (1 = nass).
The associated transition matrix is
- 3)- (02
Tgs Tss 10
To see this explicitly write out the collision equation (2.21)

Ny = Na + Nat10ars(l — ng)(1 — Na+2) — Nantas2(l — nag1)(1 = n443),

and supposing 71 = {1,0,1,0}, then the above equation generates the following outgoing configura-
tion, 7' = {0,1,0,1}, and vice versa. For a = 0, we have

ng = ng + mn3(1 — ng)(1 — ny) — nong(1 ~ny ) (1= nz) = 0,
since ng = 1, n; =0, ny = 1, and n3 = 0. So p causes ng = 1 to flip to value 0. Similarly, for
a = 1,2,3 all the bits are flipped and the outgoing configuration is ng =0, n{ = 1, n}) =0, and

(.
ny = l.
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equal to the inverse of the size of the equivalence class: T, 5+ = "%“ For example

(2.38)

~

I
PSRN R I
ENR TR Y TEN
P TSV TSNS TN
L e [t L N

When implementing a statistical lattice gas on a computer it is often simplest to just
take the transition matrix to be uniform. Even if the equivalence class is particularly
large. a uniform sampling algorithm is all that is required. On the CAM-8, a table
lookup method is used to implement the uniforin sampling within an equilvalence
class(i.c. a random offset is added to a pointer to the base address of a block of
memory that holds all the elements of a particular equivalence class, see (E4) in
Appendix E for more details).”?

Remark:

In the ¢ ractly computed lattice gas systems, information is preserved and the physical
kinctics 1s strctly microscopically reversible. Nevertheless in the continuum limit
there cmeryes dissipative behavior, that is, viscous damping. That there can be viscous
damping at the macroscopic scale and also time-reversal invariance at the microscopic
seale 18 a mansfestation of a well-known aspect of classical statistical mechanics. There
cxist determinism and reversibility in the microscopic physics while simultaneously

there ezist dissipation and increasing entropy (viz. second law of thermodynamics) in

5If one chooses all the components equaling the inverse of the size of the equivalence class minus
one: Ty, = Wﬁ-—* then all the diagonal components are zero. For example,

()El‘_ll

T_.Lo%i

=11 .31 (2.39)
[ SRR
3 3 3

This simple transition matrix still statisfies detailed balance and allows for a slight reduction in
viscosity. Yet it is more difficult to implement than a uniform statistical transition matrix.
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the macroscopics physics.

2.1.4 Embedding in a Continuum

It is necessary to define a calculus of functional quantities that have definite values
on the lattice sites z;. Toward this end, consider the lattice described earlier in §2.1.2
embedded in a continuous space. It is possible to do this by interpreting z; as a
position coordinate in the continuum.

Let Az denote a lattice-based quantity; that is, it is an array of values. It is
possible to construct a continuous field A(z;, t) defined over all spacetime such that

A(7,t)| = Agz;. For example, A(%,t) may be envisioned as an interpolated

Z on lattice
spline function of the discrete set Az,. The concept of the change in the quantity
8Azy = Agyeey — Az With respect to a change in the vector 0% q;i = Leg; 18 related to

a spatial derivative of A(Z,t) as follows

0Azi , DAY

024 du; ! (2.40)

on lattice
and the concept of the change in the quantity 0Azs = Azpyr — Az, With respect to a

change in one time step dt = 7 is related to a temporal derivative of A(Z, 1) as follows

04z DAWY)

5 Y (2.41)

on lattice

Throughout the rest of this dissertation, Leibniz differential notation is used on
lattice-based quantities with this understanding. The scaling limit is defined as that
limit where the correspondence relations (2.40) and (2.41) become physically real-
izable. In the scaling limit, a series expansions in powers of the smallness & (viz.
Knudsen number or Mach number) is taken in a fashion whereby diffusive ordering

holds for the differentials §t ~ £2 and dz ~ .

32




The smallest unit of phase space volume (the single particle phase space volume)
is denoted by h? ~ §pPéxP. Note that in terms of the fundamental units (dp = mc

and §z = £), the “Planck constant” for the lattice gas is

e
B~ m—. (2.42)

Then in analogy to the connection between the counting of states in classical statistical
mechanics and quantum statistical mechanics (see Appendix F), the following identity
holds in the scaling limit where the total phase space volume of the system is much

larger than the unit phase space volume AP

Z}: o 7:3 / P / dPp. (2.43)

This can by partitioned into the sum over gpatial sites and the sum over momentum

directions, given by the following integrals

Z « -g%/(lum (2.44)
Y, o -—-—(mlc)p / dPp, (2.45)

respectively. Note that the sum over all sites (2.44) is in fact the volume of the lattice,

denoted as V.

2.1.5 Hamiltonian

The Hamiltonian is the sum of the kinetic energy and the potential energy of inter-

action
H(Z,p)=T{p) + U(z), (2.46)
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where & and p'are the position and momentum respectively, in the generalized coor-

dinates. The particle’s kinetic energy is
T(p) = cipi, (2.47)

Where ¢; is the fundamental propagation speed for the system and p; is the particle’s
momentum vector. To be explicit, since the particle is on the lattice, in channel a

say, its kinetic energy can be written as
- 2 =
Ty = C4iPai = MC€gi€aiNMa(T), (2.48)

where (2.4) has been inserted in the R.HLS. of the above expression. In (2.48) there
is an implied sum over the spatial index i but there is no implied summation over
the directional index a. This convention is used throughout this dissertation. We will
see a posterion that (2.48) leads to the correct lattice gas transport equation.® Note
that in (2.48). unimodularity of the occupation variable (n2 = n,) is not required.
Therefore, (2.48) 15 o suitable definition of the kinetic energy for the case where the
maximum number of particles occupying a particular momentum state may exceed
one (L > 1). Tlus is the situation treated in Chapter 5 on integer lattice gases. But
for now, we focus on the Boolean case (L = 1).

The potential energy at ; due to all other particles in the system can be straight-

forwardly expressed in terms of the discrete Green’s function of Poisson’s equation

®Note that if the kinetic energy had the alternate form

_r

2m’

then (2.56) would be off by a factor of n, since in this case the result would be
&; = Cqing(T).

This would led to an incorrect nonlinear form for the lattice gas transport equation.
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g(#,7") (see §B.3 in Appendix B)

, (2.49)

90 (7)

. me "
Ua(@) = —— Y 9(&, T )ea; a7

TS
where there is an implied summation over the spatial index ¢ and no summation
over the directional index a. The validity of the form of (2.49) will be determined a
posteriori in that the correct microscopic lattice gas transport equation is obtained

thereby. Therefore the single particle lattice gas Hamiltonian,

me

a—Eaa—‘__ _‘,_‘I ai 3 .50

He= Eqnal®) =7 S ol& Oew—g,, (2.50)
where E, = mc2é2, is taken here as an ansatz.

The Jacobian of the collision operator is defined as

o

Jop = =—. 2.51

b Bnb ( )

The collisional part of the Hamiltonian (2.50) can be written in terms of J after using

the chain rule 8Q/92’ = (9€1/0n)(0n/02') to give

i me . on
Hy = Eano(®) = — 23 (7. eaiug7 (2.52)
2 b T

In this form, the Hamiltonian is written as an explicit function of the occupation

variable and its gradient, H = H(n,Vn).

2.1.6 Hamilton’s Equations

Hamilton’s first equation in continuum form is

oH
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A dot above a quantity indicates the total time derivative of that quantity. The

lattice-based form of Hamilton’s first equation may be written

oH
op;

= x;

on lattice *
on lattice

It will be a matter of convention to write this more simply as

o _ O,
o apm’ ’

where the R.H.S. is assumed to be a Kaehler derivative.” Note the R.H.S. of (2.54)

(2.54)

explicitly depends on the directional index a whereas the L.H.S. does not. At first
glance this may seem confusing. Yet there is actually no inconsistency in the indices
with the understanding that an on lattice derivative (i.e. ‘;"g) generates a change
along one of the lattice directions. Kaehler differentiating (2.48) with respect to the
momentum (2.4) gives

T,

3]):,- = c€g;. (2.55)

Equating (2.54) and (2.55), Hamilton’s first equation reduces to

”l, = C€y;. (256)

This is consistent with particle kinetics on a lattice since dz; = fe,; and &t = 7.

Hamilton’s second equation in continuum form is

oH
— — ‘.'l.' 2. 7
9, = P (2.57)
The lattice-based form of Hamilton’s second equation may be written
ou, .
- = Pais 2.58
ow, = P (2.58)

"Consider some polynomial function in the discrete number variable. A Kaehler derivative of this
function with respect to the number variable is the polynomial function that would be obtained if
the number variable were continuous. As an example where n € {0, 1}, the Kaehler dervative of the

polynomial function f(1) = n* is defined as follows 25%11 = kn*~1, where k is some integer.
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since the spatial gradient of the kinetic energy vanishes because 7, depends only on
p;. The scaling limit derivative of (2.49) with respect to the position coordinate is

ou,  me dg(Z,7) 0N(T)
D SR A P (2.59)

Using the reflection symmetry identity (B.15), it is possible to do a discrete version

of integration by parts according to (B.9), see §B.2 in Appendix B. Then we have

U, _ mc 09(Z,7)  0(%)
_ _meg Pg(E, ) ,
= ——;Er; _ézzr—eniﬂa(m) (2.61)
= = Z Oz2'€aila(Z) (2.62)
au, me .
ox; ——,’_—emﬂ o(Z)- (2.63)

This result for the gradient of the potential energy can be obtained from (2.59) in

another way. Differentiate (2.59) with respect to the position vector again

U, _me 0? g( 00, (7)
) uis (2.64)
_ mczénl m(9(2 ( ) (2.65)
U, = me  0(7)
T T T % gL (2.66)

i

Integrating this last result over all space and taking the constant of integration to be
zero gives identically (2.63).
Equating (2.58) and (2.63), Hamilton’s second equation reduces to

Pai = "eailla(@) (2.67)

The second Hamilton equation (2.67) is also consistent with particle kinetics on a

lattice, where the discrete moment change is dp; = mceqifls(Z) in the time interval
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0t = 7. In fact, (2.67) is just the usual lattice gas transport equation in disguise.
Let’s see why this is so.

Using (2.4), write (2.67) as follows

d g mC _,
a—;[mceain,,(at)] =— €4i$2 (7). (2.68)

Since the lattice vectors are constants, this reduces to the simpler expression

d = 1o .
E [na(T)] = ;Sla(x)' (2'69)

Using Hamilton’s first equation, (2.56), the total time derivative can be written as

d _ 0 .0
dt ~— Ot ‘T’a;v,-

Inserting this into (2.69) to replace the total time derivative gives

i} a oy
(Ta + é’eai%) e (T) = Qa(T). (2.70)

This is just a Taylor expansion (to the first order in the smallness) of the lattice gas
microdynamical transport equation (2.23)

NalT + Lea,t + T) = ng(T, 1) + Qa(2).
This proves that Hamilton’s second equation is the well known lattice gas transport
equation. Therefore, the ansatz for the lattice Hamilton (2.50) is appropriate for
particle kinetics on a lattice.

Because the lattice gas dynamics is partitioned into distinct streaming (2.22)
and colliding events (2.21) that occur in sequence, there is an instantaneous switch
between kinetic energy and potential energy. That is, the particles do not move
and collide simultaneously. This has an important consequence when analyzing the

behavior of the lattice gag system from a statistical mechanical point of view.
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Table 2.4: Statistical Ensembles Obtained by Successive Legendre Transformations. The grand
canonical ensemble is used here for lattice gas calculations.

Energy Set Thermodynamics Ensemble
INTERNAL ENERGY (S,V,N) dU =TdS —pdV + pudN

ENTHALPY (S,P,N) dH =TdS+VdP + pdN

GiBBS FREE ENERGY (T,P,N) dG = —SdT +VdP + pdN
HeLMHOLTZ FREE ENERGY (T,V,N) dA=—-SdT —PdV + pdN Canonical

GRAND PPOTENTIAL (T,V,i) dQQ=—SdT — PdV — Ndu Grand Canonical

2.2 Mesoscopic Equilibrium: A Statistical Me-
chanics Treatment

Let {n} represent the set of all accessible states in the grand canonical ensemble for
the lattice gas system. Let E, and m, denote the total energy (kinetic plus potential)
and the total mass, respectively, of the system. Then in the grand canonical ensemble,
the grand partition function is defined as the the Boltzmann weights summed over all

accessible states

E=) e AEmrmal), (2.711)
{n}

In (2.71), B is the inverse of the thermal energy, which is Boltzmann’s constant times
the system temperature (8 = -,ﬁ;) Also, u is the chemical potential. The mesoscopic
expectation value of a quantity O is obtained in the grand canonical ensemble by the

following recipe

(0) = = 3" P E=m) O (). (2.72)
= {n}

The grand potential, which has units of energy, is defined as

. 1 _ -
Q= —-/jlog:. (2.73)
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If Q2 can be calculated, all thermodynamic properties of the lattice gas system can
be calculated in turn. In particular, I am interested in calculating the equilibrium
particle distribution function and eventually the pressure, P, of the lattice gas system
using (2.73).
Let N denote the expected number of particles in a system with volume V when
the system is at fixed temperature and chemical potential
= é > m,eAEn=bma) (2.74)
= {n}
Since, the pressure is a function of the system temperature, T, and density, p = {5,'-,
it will be necessary to calculate N also using (2.73). By inspection of (2.71), an

expression for N can be immediately written in terms of the grand potential

N=- (@) . (2.75)
o av

To obtain a similar expression for the pressure as a derivative of the grand poten-
tial, it is necessary to first obtain the thermodynamics relation for the grand potential
in the grand canonical ensemble. In this ensemble, the expected energy is the product

of the pressure times the volume

E

1]

-;- Y EyePBempma), (2.76)
= {n}

Again by inspection of (2.71), it follows that

o0
E—uN = — (ﬂa)“ (2.77)
a0
= Q475 ('5-/5)“ (2.78)
. o0
= Q-T (.3_7_')“ . (2.79)
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Therefore, solving for the grand potential gives the following thermodynamic relation
Q=FE—-TS — uN, (2.80)

where the equilibrium entropy denoted by S is defined as

- (3512) R (2.81)

From (2.80), the equilibrium pressure is

o1
P=_ (W)ﬂ , (2.82)
W

where dE = —I’dV and
d) = —PdV — SdT" — Ndpu. (2.83)

In this section I will derive the grand partition function in the grand canonical
ensemble. There are three constraints one must consider to do the counting of states
correctly. These constraints are energy conservation, mass conservation, and momen-
tum conservation. Because of the partitioning of the particle dynamics into disjoint
streaming and colliding events, the interacting part of the Hamiltonian is not needed
to compute the total energy of the system and may be dropped altogether. Con-
sequently, the grand partition function of the locally interacting lattice gas can be
written in closed analytical form [17].

The total energy of a lattice gas system is obtained by counting all the occupations

and only the free part of the Hamiltonian is needed
H,= Z E n.(T), (2.84)
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where E, is the energy of the " momentum state. This intuitively follows from the
partitioning of the microscopic transport equation into two distinct phases: stream-
ing and collision. If the total energy is counted in the streaming phase, (2.84) is
appropriate as there is no long-range interaction manifesting potential energy. In
§77 on long-range lattice gases where the system does possess potential energy, it
18 rigorously shown that as the interaction range approaches zero the potential en-
ergy contribution to the total energy vanishes for small Knudsen numbers. Note that
the double sum appearing in shorthand in (2.84) simply means ¥,, = Yoys ..

The total mass density and momentum density for the integer lattice gas system are

respectively
P = gmna(:ir’), (2.85)
and
P Vi = che,,;na(i’). (2.86)
za

Thesc serve as constraints on the system as it equilibrates towards high entropy states.
Following (2.71), the grand partition function is
== Z e_ﬂ(Ho‘MPtot)‘f‘PlotViﬂi’ (2.87)
{n}
where 3 ) represents a sum over all possible configurations of the occupation vari-
ables.
Inserting (2.84), (2.85), and (2.86) into (2.87), the grand partition function be-

comes

ra

== ZHe_.ﬂ(Eun,,-;;mn,.)+mmrea.-n,._ (288)
{n}

Notice that all the exponents in (2.88) are first-order linear in n,. So it is convenient

42




to define the fugacity as

— Q;MCe,;
Z2q = Z0a€ ’

where

Zoa = e_la(Ea —pm) .

Then the grand partition function is compactly written as

(1]

NIES

fn} =

(2.89)

(2.90)

(2.91)

In this case the grand partition function can be straightforwardly calculated. To begin

with, one may derive, in the usual fashion of the statistical mechanics for system of

fermionic particles, the grand partition function as follows

1
= = HZz",‘

ra n=0

= H(1+Za)

aa
-— log= = Zlog(1+za)
Tra

Since 02,/08 = —E,z,, then

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)




2.3 Mesodynamics: A Mean-Field Treatment

To theoretically analyze the lattice gas dynamics, it is convenient to work in the
Boltzmann limit where a field point is obtained by an ensemble average over the
number variables. Define the particle distribution function, fa = {n4), resulting from
an ensemble of initial conditions and the neglect of correlations, with the average
taken over the ensemble.

If all the particles entering a site in the lattice are uncorrelated at all times, then
the particle occupancies are considered randomized by Boltzmann molecular chaos
(this is called the Stosszahlansatz). Define the mean-field collision operator as the
ensemble average of the microscopic collision operator, Qe = (Q,). Using the Boltz-
mann molecular chaos assumption, the mesoscopic collision operator is considerably
simplified. So neglecting all two-point and higher order correlations between particle
occupancies, the mean-field collision operator is constructed in a fashion identical to
its counterpart (2.34) in the microscopic limit. (2", as a polynomial in the particle
distribution variables as follows

= 3 a{Qaliy,... i), (2.98)

{i1,mrin }EEC
where {4),...,4} is a set of occupied particle states and o € {—1,0,41} is a scalar
coefficient and where each term in the sum is written in the mean-field limit in

factorized form as

N : fﬂ+‘i1 fﬂ+'ik B
<Qa(11,...,zk)>= l_f » 1_f+~ H(l—fa+]‘). (299)
a1 atip =1

27" in (2.98) is probablistic. Further discussion about the mesoscopic collision oper-

ation, in particular its dependence on the transition matrix, is given below in §2.3.2.
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In the mean-field limit, f, still satisfies a collision and streaming equation corre-

sponding to (2.21) and (2.22)

-

(@ t) = fa(@,1) + Q2 (f(T,1)), (2.100)

and
fol@ + eg t + 1) = fo(7,0). (2.101)
By ensemble-averaging all terms in the microscopic transport equation (2.23), then

obtain the mesoscopic transport equation
Fal@ + téast +7) = ful@ 1) + LA )], (2.102)

that appears identical in form to (2.23).
The actual particle distribution is composed as a series expansion in powers of
£~ br ~ ot
fo=fO +efV) 4 0O(?). (2.103)
This 1~ termed diffusive ordering when 6t oc (6z)2, well known for random walk
processes. ‘lavlor expanding the L.H.S. of (2.102) to only first order in time but to

second ordet i space, one obtains the lattice Boltzmann equation

2

I o
OSal 1) + . folB0) + =euieesDidsFalE, 1) + O() = -}&);“[f(i’,t)]. (2.104)

where (2.104) has been expanded to second order in €.
Write the particle number density, momentum density, and momentum flux den-

sity in terms of the single-particle distribution function as follows

mY_ fo(&t) = p(&,1) (2.105)
me) eaifo(@,t) = p(Z,t)v:(Z,1) (2.106)
mCQZe,,;eajfa(rE‘, t) = H.;j(.i"f, t). (2107)
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Note that for a uniform filling of states, f, = d for all directions, then

p(%,t) = mBd (2.108)
w(@t) = 0 (2.109)
Hij(f’t) = chfsija (2110)

where ¢, = 7’3. This is expected since when v; = (), the momentum flux density
tensor is diagonal and scales with the pressure (II;; = pdi;) and for an ideal gas
p = pc? and ¢, is the sound speed in the fluid.

The general form of the single particle distribution function, appropriate for single
speed lattice gases, is a Fermi-Dirac distribution (2.97) and is a function of the sum

of scalar collision invariants, & + Be,v;, having the following form

_ 1
T 1 4 e tBeaivi

Ja (2.111)

Fundamentally, this arises because the individual digital bits used to represent parti-
cles satisfy the Pauli exclusion principle. By Taylor expanding (2.111) about ¥ = 0 to
fourth order in the velocity and equating the zeroth, first, and second moments of f,
to (2.105), (2.106), and (2.107) respectively, the parameters o and B are determined.

To provide a kind of roadmap for the remainder of this chapter, I now give the

Mach number expansion of the inviscid part of the lattice gas distribution function

cayidead _ 1 0D i g2 HD) MDD o o
(fa* ) gt ogeavity @p  Cai€ailiti = §—5 g +O(v?), (2.112)
where the Galilean prefactor is
D 1-2d
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The procedures for carrying out this expansion are given in §2.4.1 and in Appendix D.
It is important to check all the moments of this distribution to see if it gives us what
is expected. That is, using p = mn for the density and ¢, = ﬁ for the sound speed,

the moments of lattice gas distribution are

mYy (f )i = P (2.114)
meY eai (f5)ie = pv; (2.115)
2
eq\idea v
me? Y eqi€aj (fa "’)L‘i(;fi = pcf(l—gc—z)é,-j+gpv,~vj. (2.116)

The form of the ideal part of the momentum flux density tensor should be [57]
L™ = péi; + pviv;. (2.117)

There are two problems encountered here; however I will show that they are related.
Firstly, the single-speed lattice gas almost produces the correct form for the mo-
mentum flux density tensor, except that the diagonal part of II;; appears to have a

spurious dependence on the square of the velocity field,

,=%@_W3 (2.118)

Secondly, the prefactor ¢ arises as an artifact of the discreteness of the number

variables that breaks Galilean invariance.

2.3.1 Interpreting the Form of the Lattice Gas Pressure

We find that an apparent problem encountered in a single-speed lattice gas of the
pressure (2.118) depending on the square of the velocity field is actually a consequence

of a degeneracy between mass and kinetic energy. Since there is only a single speed
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species of particle, all particles carry a single unit of mass and also a single unit of
kinetic energy, so counting the total mass of the system is equivalent to counting the
total kinetic energy of the system. We will see in Chapter 4 that given a multispeed
lattice gas, where mass and kinetic energy are not degenerate, this form of the pressure
(2.118) is actually physically proper. In fact, it is easy to see why. The reason is that

in a classical hydrothermal gas, the pressure is
1 4
p= (’y-—l)(nE—-Q—pv ) (2.119)

where n = Bd is the number density per site, 7 is the ratio of the specific heat at
constant pressure to the specific heat at constant volume (that is v = C,/C,), E is
the kinetic energy per particle, and vy —1 = % For a single speed lattice gas, the

kinetic energy carried per particle is E = %ch and (2.119) becomes

p= -I%(c2 —v?). (2.120)

Except for the g-factor, this is identical to the expression for the pressure that was

obtained for a single speed lattice gas (2.118).

Remark:
The lattice gas’ pressure dependence on the bulk flow velocity (2.118) is similar to
that which occurs in a natural hydrofiuid (2.120). That s, Praan = Puumica Provided
g = 1. However, in a L =1 lattice gas the g-factor does not equal unity. So finding
a way to have g =1 fizes everything.

I have focused much attention on restoring Galilean invariance to the lattice gas

dynamics. It can be repaired in several ways.
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The first way to solve this problem is well known in the lattice gas community.
Working directly in the Boltzmann limit and using only symmetry arguments, it is
possible to directly set the g-factor to unity by starting with the the mesoscopic
transport equation (2.102) and specifying a non-Fermi-Dirac single particle distribu-
tion function at the outset (see §2.3.4 and §D.2). The lattice Boltzmann equation
method is described later in this chapter. Yet, as mentioned in the introduction
to this dissertation, the lattice Boltzmann equation method is a finite differencing
scheme and suffers from numerical instabilities due to its lack of detailed balance or

semi-detailed balance in the BGK collision operator.

The second way recently found to solve this problem of a lack of Galilean invari-
ance in a single speed lattice involves using a finite integer to encode a momentum
state instead of using only a single bit to encode that state. This type of lattice gas
is called an integer lattice gas. The integer lattice gas is more robust than the lattice
Boltzmann equation because the integer lattice gas collisions obey detailed balance. 1
devote a full chapter to the integer lattice gas method (see Chapter 5). Some interest-
ing insights connecting physics and computation are gained from the integer lattice
gas method, particularly when the integer lattice gas is analyzed from a statistical

mechanics viewpoint.

The third way to solve this problem is to use appropriately chosen long-range inter-
actions. A small nonlocal attractive force between the particles can restore Galilean

invariance in the macroscopic limit. This alternative is discussed in volume II [102].
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2.3.2 Collision Operator in the Mesoscopic Limit

It will be essential to express the collision operator (2.34) in the mesoscopic limit.
Denote the input and output configuration of a collision by s and s’ at some point
in time. With the individual momentum states within a configuration denoted by
nq(x,t) where a = 1... B, the probability of a particular input configuration with p

particles and B — p holes is the product of fo(z,t) and [1 — fi(z,?)] is

Po=T[f=f). (2.121)

It is understood that I, = Py(x,t) and f, = f.(x,1) so for convenience we leave off the
explicit spacetime dependence of the mesoscopic variables. The particle distribution
can be obtained from the inverse of (2.121) by a weighted sum over all the incoming

configurations, s,
fo=_nals. (2.122)

Let 7+ denote the collision probability for a transition from configuration s to s'. It
will be identical to the transition mnatrix for the microscopic dynamics. Because of
detailed balance, 7" is symmetric and all the marginal probabilities must sum to one:
Yl = Lo Tso = 1. We can rewrite the sum over input configurations in (2.122)

as a sum over collisions, denoted by 3> = 3., ., by inserting one into the sum

fo=3"na 3. ToglPo = n,TP,. (2.123)
s s (&

The particle distribution (2.122) can also be obtained by summing over the outgoing

configurations, ¢,
fo= 0Py =3 0'TP, (2.124)
s C
since Py = 3 T, o Is.
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Subtracting (2.123) from (2.124) and since Q7' = f; — f,, it follows that

Q=Y (nl, — n,)TPs (2.125)
C
or more explicitly
Ort =3 (n!, —n)TL 2 (1= )™, (2.126)
C b

A quite interesting consequence of the Boolean nature of lattice gases is that it is
possible to logically rewrite (2.126) noting that f;'*(1— ol ™ =1—n,— fo+2nfp
80 as to reduce the mean-field collision operator to the following form
Q=S (0l — )T TI(1 = 0y — fo + 2 fs).- (2.127)
¢ b

This form of the collision operator will be very useful in several derivations below.

2.3.3 Jacobian of the Collision Operator

In this section consider the eigensystem of the Jacobian of the mean-field collision

operator
oy

v =51 (2.128)

Ja

The Jacobian is important because it appears in the first relevant term of a Taylor
expansion of the collision operator about the equilibrium distribution, denoted f©

or f. Expanding the distribution function about its equilibrium value, f*
fao=f2+efD + 0 (2.129)

g0, to first order in the smallness, the collision operator is

oy
ofs

() = QA (f) + 3 [ ] (fi— £+ O() (2.130)
b f=fe
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or
Q) =3 Julfo — £5) + O(€?). (2.131)

b
Qm'(f=*) must vanish since the particle distribution is non-changing under equilibrium

conditions. So in this approximation one can also write
Q') = Ja(FO) £ + O(e), (2.132)

We can substitute this form of the mean-field collision operator (2.131) into the

mesoscopic transport equation (2.102)

Jalr +Ceq,t+7) = folz, ) + 3 Ja(fo — £5Y). (2.133)
b

2.3.4 BGK Approximation

It is worthwhile to cousider the simplest form of the dynamical transport equation for
the particle distnibmtion function (2.133) above. The simplest ansatz for the Jacobian

18 to choose it to be a diagonal matrix [28)

,
= — =0, 2.134
S (2.134)

BGK
ab

where 7T is the characteristic relaxation time for a point in the system to reach local
equilibrium. This form was introduced in 1954 by D. Bhatnager, Eugene Gross, and

M. Krook [10]. So the collision operator in the BGK approximation is simply

021 = ~=fa = £a), (2.135)

and is proportional to the difference of the distribution function and its equilibrium
value. Althougth it is not explicitly clear that the BGK collision operator allows
for any mixing between particle directions, (2.135) does implicitly include collisional

"
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mixing because the equilibrium distribution itself depends on the local density and

flow velocity, f.° = f.%(p, vi),

p=m)_ fa (2.136)
and
v = c%ﬁf—", (2.137)

which in turn do depend on all particle directions.
Substituting (2.134) into (2.133) gives us the lattice Boltzmann equation in the

BGK approximation
Ful@+ beayt +7) = ful@t) — % (fu(@ 1) — £59(F,1)) - (2.138)

When thought of as a local computing rule, clearly (2.138) provides a quite straight-
forward way to evolve the mesoscopic particle dynamics on a parallel computer. All
that one need specify is a simple algebraic form of f,°?. In §D.2 symmetry arguments
are used to determine the form of f,?9 that allows us to recover ideal fiuid dynamics.
So primarily for reasons of simplicity, suitability to parallel computing, and as a way
to bypass all microscopic detail (particularly noisy fluctuations), (2.138) has gained
much popularity within the lattice gas research community. This mesoscopic model-

ing approach is customarily referred to as the lattice Boltzmann equation method.

2.3.5 Eigensystem of the Jacobian of the Collision Operator

The eigenvalues of the Jacobian of the collision operator can be calculated and the
number of these that vanish must equal the number of invariant quantities in the
lattice gas dynamics in the Boltzmann limit. For a single speed lattice gas with no
rest particles, because of the isosymmetry of the collisions, the Jacobian matrix is

2
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circulant and therefore its elements can be specified by the difference of their indices,
Jab = Ja—p. This property of the Jacobian simplifies the solution of the eigenvalue

equation
S Josly = XES, (2.139)
b

with eigenvectors {* and eigenvalues A* where a = 1,..., B. Make the ansatz that

the eigenvectors have the following form

£ = ePmienlB, (2.140)

a

Then inserting (2.140) into (2.139) and taking m = a — b, gives

A= 3" g etrimalB, (2.141)

Remark:
In (2.141) it is immediately evident how the eigenvalues are set by the components
of the collision matriz. The eigenvalues completely determine the fluid’s emergent
behavior. In this way, the details of the microscopic collisions affect the magnitude of
transport cocfficients. It is possible to go beyond the Boltzmann limit, and consider
the effect of correlations in the microscopic system [12]. It is then possible to develop
a formal expression for a renormalized J. Then various approrimations to the ezact
expression are made to obtain improved estimates of the transport coefficients of the
system. In practice this has been done for only very simple lattice gases.

For convenience, Dirac bracket notation is used in this section. Let | @) be an

eigenket of J and k, the associated eigenvalue so that

J|a) =k, | a) (2.142)
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where orthonormality holds, {a | 8) = 843 for (,8) = 1,...,B; and closure holds,
| @ }{ a |= 1. Iintroduce a direction-eigenket, | a), where as usual @ = 1,...,B.
Then an eigenvector of J in the direction representation is (a]| a).

For a single speed lattice gas with no rest particles J is circulant because of the
isometry of the collisions. Therefore its elements can be specified by the difference of

their indices, Ju = Jy—q. Because of this the matrix element of J reduces to
(a] J|b)y=(J|b—a), (2.143)

that really defines the eigenket | J).

Remark:

The collision operator is a matriz, J. One can define an eigenket | J) that is a single
row of J. Since J is circulant, one can therefore completely specify it by | J).

The eigenvectors in the direction representation satisty
(a|a) = e2riealB, (2.144)
An alternate way of expressing this property of the eigenvectors is
(] a){b|a)=({b—a]|a). (2.145)

These properties of the Jacobian’s eigenkets and eigenvalues simplify the solution of

the eigensystem. Manipulating (2.142), it is possible to express k, as

(] J] @)

= (a]a)a|J|b)(b]| )
= (a|J|b{a]a)(b]|a)
= (J|b—a)b—ala)

= (J]a)y=>)_ Joexp (’iz—g-(m) ) (2.146)

Ka
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Now there are two types of degeneracies that are encountered. First of all, there
will be as many zero eigenvalues as there are conserved quantities in the lattice gas

dynamics. This is easily seen by inserting (2.132) in the mesoscopic collision equation

(2.100)
| £Y=1£)+ 7] fD). (2.147)
Using (2.142), write
J = ; Ko | a){e]. (2.148)
50
I f)y=|f)+ ;na | a)er| fFM). (2.149)

Clearly, all the scalars (o | f)) for which x,, = 0 have no effect on the dynamics and
so are the conserved quantities of the system. This set of eigenvectors with degenerate
eigenvalue of zero span is called the hydrodynamic space, 4. The remaining eigen-
vectors span what is called the kinetic space, K. However within K there exists the
viscous subspace, V C K characterized by the degenerate eigenvalue Kyn. Therefore
J can be explicitly written as a linear combination over eigenvectors in the kinetic
space

J=)Y Kqla)a]. (2.150)

aek

Its inverse, now well defined, is then just
-1 1
Jh=3 —]aNea]. (2.151)
ack Ka

This can be separated into a viscous part and a nonviscous part as

J=1 lafel+ Y L | e} | . (2.152)

Ky a€V aeKsy Ka
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2.3.6 Collision Set Formulation of J

The convenient form of the collision operator given in (2.127) allows us to directly

calculate the Jacobian, Jg = %‘}bﬂ, as

Jup = S(n — o) (2ny = VT I e (1= 7)1 (2.153)

C c#b
We rewrite (2.153) as follows

Jap =Y (0, = na)T—;,,,—((zlﬁ:fiz-:n Tl -f) (2.154)
c (1= fi) p

We can simplifv this expression by taking f. — d and by noting that since disa

constant the terms in the product become

[Id™(1 —ad)' " =d°’(1 —d)®?, (2.155)

a

where p denotes the number of particles in a particular collision event. This leads to
Jas = (0l — n)Td (1 — d) B (20 = 1)d! 7™ (1 — @)™, (2.156)
T

Noting that d' " (1 —=d)™ = (1—2d)n,+d and using the unimodularity of the number

variable, n} = n,, this further simplifies to

Jap =D (nj, — na)TdP~1 (1 — d)B7"Y(ny, — d). (2.157)
C

By the symmetry of the collision probability T'(s, s’) the last term vanishes

3o (0, — na) TP (1 = d)P 7771 (—=d) = 0, (2.158)
C

80 (2.157) reduces to the simple form

Jap = Y (1 — na)n TP~ (1 — d)P7P71, (2.159)
-

The remarkable property of (2.159) is that one can use it to determine the components
of J,, even for complicated situations where J is not circulant. It is a very important

formula. 1 will use it to calculate the shear viscosity transport coefficient.
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2.4 Bridging the Meso and Macroscales: Chapman-
Enskog Expansions

Three methods are given to derive the single particle distribution function and the
ideal part of the momentum flux density tensor. The first two derivations of the single
particle distribution function given here are similar to that given by Wolfram [97].
The first method uses the Fermi-Dirac distribution that is appropriate to a lattice
gas system. The second method uses a symmetry argument that is appropriate in the
mean-field limit. In this case, a non-Fermi-Dirac distribution is found and used to find
the form of the single-particle equilibrium distribution f* in the lattice Boltzmann
equation approach that leads to the exact recovery of the Navier-Stokes equation, but
sacrifices exact computability. The third method actually uses an expansion of the
fugacity and is the most direct and straightforward method. A generalization of this
case allows us to specify a non-Fermi-Dirac distribution used in the integer lattice gas
that also leads to the exact recovery of the Navier-Stokes equation while retaining

exact computability.

2.4.1 Mach Number Expansion of the Fugacity

For a single-speed lattice gas, the equilibrium probability for finding a particle in mo-

mentum state mce,; at position & and at time ¢ is given by a Fermi-Dirac distribution

1
o= = Fi(2,), (2.160)
where the fugacity is defined as

za = exp [m(e® + catey)] . (2.161)
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Note that a® and o} are functions of p(Z,t) and v;(%,t), as will be shown below.
It is straightforward to do a Taylor expansion of the fugacity about 2° = €™’ the

subsonic limit expansion
1
2= 2° (1 + meateqs + §m2020}‘a}‘ea;e,,j 4. ) . (2.162)

Inserting the deviation of the fugacity 6z = z, — 2° into a Taylor expansion of f‘fo)

about 2° then gives

. 1 ]. "
FO = Fl(z°)+F1(z°)6z+§F1 (2°)622 + -+ (2.163)

= F(2°) + [zF{] ,meaeq; +

z=z

1 ! g
2 2 2
5 [zF'1 +z Fl] ,meca ajeqieq; +

2=z

o(c) (2.164)

Inserting (2.164) into the first moment (2.105) and second moment (2.106) of o

gives the following expressions for the particle density

m3ZB

p=mBF (") + —5 [2F) + 2F)] _ () (2.165)
and the momentum density
m?*c?B [ .
pvi = — [zFlL=zo al, (2.166)

respectively. Manipulating (2.165) and (2.166) allows us to solve for af and then

Fy(2°)

Fi(z°) = d— (2.167)

Dd%? [ zF| + 22F;
202 (zFy)2 ). ’

where the reduced density is defined as d = -£;. Therefore, express the equilibrium

particle distribution as an expansion in p and v; by inserting (2.166) and (2.167) into
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(2.164) to obtain the desired result

D
f‘io) =d (1 + ?ea,-v; + g—’ll;;i)-Qaijv;Uj) + 0('03), (2.168)
where
8;
Qm’j = €4i€aj — —5 (2169)

and the Galilean prefactor is

(2.170)

g D [zF]' + z2F1"}

~'Dr2| T R
As a consistency check, write g solely in terms of d to see if the usual result is
obtained. First note that since F(z) = 77, the expression in brackets in (2.170)
reduces to Z% — 2% A plot of the fractional occupation versus the fugacity is given
in Figure 2.1. Then noting that 2° = F;!(d) = 1—‘—_’d, the expected result (D.12) is
obtained for a single speed lattice gas: g(d) = 31-1—211;_%‘ given in Appendix D. The
Galilean prefactor, g(d), is plotted versus the fractional occupation in Figure 2.2.

In the Appendix D.1, a Chapman-Enskog expansion is carried out to second order
in the velocity for the equilbrium distribution (D.11). So far in this section an identical
result (2.168) has been obtained. Now it is possible to determine a correction to the

particle distribution function accounting for spatial variations of the velocity field.

From (2.100) and (2.101) write the mean field collision operator as
Q(f) = fa— fo = leaidi f* + O(e?) (2.171)

the so called propagation equation. Multiplying (2.132) by J;! and inserting (2.171)

for §2,(f) gives the first correction to the equilibrium distribution function

FO = ea3 (F)epi0s £ (2.172)
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Figure 2.1: Fractional occupation versus fugacity for a classical lattice gas, L = 1.
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Figure 2.2: Galilean prefactor versus fractional occupation for a classical lattice gas, L = 1 in
D =2 dimensions.
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Therefore, since f, = f(fo) + f‘fl), using (2.172) it follows that
fo= [8u + TG (F)enid] 1. (2.173)

And finally, insert the expression for f{* from (2.168) this into (2.173) to obtain the
form of the corrected distribution

D(D+2)

¢ Quijviv; + TDJ 3 epien;iOiv;] + O(v?). (2.174)

fn = d[I =+ _f‘eail’i +g
2.4.2 J Theorem

To proceed it is first necessary to simplify the term TDJ@leb;ebja;vj in the above ex-
pression (2.174) for the particle distribution by relying on a piece of physical intuition.
Clearly this term will contribute solely to the shear viscosity of the macroscopic fluid.
"The inverse of the Jacobian is defined only over the kinetic modes of the system (that
is, 1t cannot depend on the hydrodynamic modes since the hydrodynamic eigenvalues
are zero and so J~! ig singular here). Moreover, because of isometry of collisions
and consequent lack of preference in direction for momentum diffusion, there must
exist a subspace of those kinetic eigenvectors having a degenerate eigenvalue and that
contribute positively to the shear viscosity. We have termed this subspace the viscous
subspace, V. Moreover, since one observes that the projection of the tensor | eie;)
onto the space spanned by the kinetic eigenvectors is actually totally contained in V,

I state the following theorem

Theorem 1 The ket | e;e;) formed from the dyadic €q4i€qj 15 an eigenket of the matriz

wnverse of the Jacobian of the collision operator J=!, with eigenvalue STTL AT

1
R CAEE

for an incompressible fluid. That is, if O;v; = 0, the following eigenequation holds

J—t I e,-ej) = (2175)

>y ™ €;€;
Eab Jal)(eﬂ 'C],)2 I ' ])

62




in the kinetic subspace where the inverse Jacobian is not singular.

PROOF:

We begin by separating J~! into its viscous part and a nonviscous part according
to (2.152)
- 1 1
Jr= =% lajal+ 3 —la)al.

T o€V aeKdy o

In general the set of second rank lattice dyadics | e;e5) for (i,7) = 1,...,D have the
property that their projection resides in the space H + V, so that one may write
[eie;) = 3 | a)a | eie;) + D | a){a | eiej). (2.176)
a€H a€y
Consequently one can determine {e;e; | J™! | e;e;) directly by applying (2.176) from
the left and right onto (2.152)
_ 1
(6’.,'6]' | J ! I eiej) =— Z(C.;Cj I a)(a | €,‘€j>. (2177)
1 o€V
We can simplify the R.H.S. of this expression. First, sum over all eigenkets, and
rearrange terms as follows
_ 1
(eiej | J71 | eies) = — 3 eaieasenien; 3 s, (2.178)
N ab «a
Now because of closure of the eigenkets, 3, £9€% = 8, and using the identity for the

product of four lattice vectors (2.18), it follows that

1 B )

~1 _
Since A;ji; = D(D + 2), it is immediately clear that
B

(eies | J7 | eies) = . (2.180)

M
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We can similarly separate J into its viscous part and a nonviscous part

J=m Y lafal+ ¥ kol adal,

a€y a€EKX3VY

and determine (eve; | J | exe;) directly by applying (2.176) from the left and right
onto (2.4.2)
(ever | J | exer) = ky 3 (exer | a){a | exer). (2.181)

a€y
Now since the lattice vectors e,; are all of unit length, and because of closure of the

eigenkets | a), in a similar fashion it follows that
(eiej | J | eie;) = K, B. (2.182)
Multiplying (2.180) and (2.182) gives
(exer | J | exer){eie; | J71 | eie;) = B?, (2.183)

which upon rearranging terms implies

B

J7 | eie;) = oo T Tee) | e;e;). (2.184)
This completes the proof of Theorem 2.175. QED O
Defining the eigenvalue
e J_b(eeB AT —F( 2. o (b ) (2.185)
it i8 possible to write the J-theorem as
I eieg) = —% | eie;). (2.186)

Using this theorem by substituting (2.186) into the corrected distribution function

(2.174) of the previous section gives us the simplification

D D(D +2 D _
fa=d1+ — Cai + g—(zc.z—)Q,,,-jz.’wj - —C'/\Caieﬂjaj‘l-'j] + O(2%). (2.187)
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We have relations for A in terms of &,

—tB —£
A= = e;e; | a){a | eie;). (2.188)
e Eer (e [l Tee) By 2 el e

This method of determining X is most direct, but it relies on knowing the viscous
eigenvalue, k,, and the associated viscous eigenvectors of J. When J is circulant this
is readily known, so (2.188) would be quite convenient. However, in more complicated
lattice gases, such as a multispeed lattice gas or a finite-integer lattice with a rest
channel, J is not circulant. Moreover, since the size of J is quite large for these
systems, the eigenvalue problem cannot be generally solved (for instance, a multispeed
fche lattice gas would have at least 24+24+1=49 bits, so J would be a 49 x 49 matrix).
Therefore, a more practical way of determining A for more complex systems is needed.
This is accomplished as follows.
Inserting (2.159) into the R.H.S., we immediately obtain

—(B

A= .
Lo Tdr=(1 = d)B~P=1 Loy (nly, — na)ny(éa - €)°

(2.189)

and now X is computed solely with a supplied collision set. Note if J is not circulant
and it is not straightforward to solve for its eigenvalues and eigenvectors, (2.189) still
gives us a direct way to determine A and so it is an important result. The benefit
of this way to find X is that it provides a new generalizable way to determine the

viscosity of a lattice gas, generalizable to an integer lattice gas for example.

2.5 Macrodynamics

The macroscopic equations of motion are then determined from mass conservation

(continuity equation)

B,p + a,'(/)’U.,') =0 (2.190)
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and momentum conservation (Euler’s equation)
Bt(pv,-) + 6,-II,-J~ = 0. (2191)

Note that in the incompressible limit where the density is constant, d,p = 0, so there
18 divergence-free flow.
Now following Landau and Lifshitz [57], the momentum flux density tensor is

written in standard form as
me® Y €ai€ajfa = Poij + pviv; — o (2.192)
a

where in (2.192) the first two terms represent the ideal part of the momentum flux
density tensor and cr,’.j = 1)(9;vj — djv;) is the viscous stress tensor. Alternatively the

momentum flux density tensor may be written
II;; = mc? Z €ai€ajfa = —0ij + pvyv;, (2.193)
a
where o;; is the pressure stress tensor
0ij = —pdi; + 0 (Oiv; — Ojv;) . (2.194)

Given a non-divergent flow (9;v; = 0) appropriate to the incompressible fluid limit,
it is possible to write

IL;; = péij + pvv; + nd;v;. (2.195)
Substituting (2.195) into Euler’s equation (2.191), gives us the Navier-Stokes equation
for a viscous fluid

p(Ow; + v;0;v;) = —;p + n0%v;. (2.196)

In this section I calculate a general expression for the transport coefficient for momen-

tum diffusion within a lattice gas in the continuum limit, that is, the shear viscosity,
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1, for a single speed lattice gas on a Bravais lattice. Two different forms are pre-
sented. We use our new J-theorem (2.175) to calculate the shear viscosity quite
directly. The method is readily generalizable to the calculation of the shear viscosity
of more complex lattice gas systems, such as an integer lattice gas. In fact, this has
been the motivation to find a new way to calculate this transport coefficient, since the
shear viscosity of an integer lattice gas has recently been observed, by exact numerical
computations, to be lower than in a traditional lattice gas.
The first form given for the shear viscosity is

21

1=P 0Ty

1 - 1
(—E_(e,-ej |71 | eie) — 5) . (2.197)

This expression for 7, though simpler, is similar to the expression for the shear vis-
cosity given recently by Boghosian and Taylor [13] in 1995. This method is quite
practical for a single speed lattice gas with no rest particles because J is circulant
owing to the isometry of the collisions.

The second form given for the shear viscosity is

e 1 B 1
" p—; (D +2) (_ (6,'8j I J l €i€j> B 5) ’ (2'198)

This form directly leads to an expression for the shear viscosity given by Hénon [50]
in 1990 for a D-dimensional lattice gas.

In any lattice gas simulation, one typically obtains a realization of the macroscopic
dynamical variables by block averaging in both space and time over the microscopic
variables. In this way, for example, a momentum map can be produced so that the
dynamic evolution the the fluid can be monitored. The size of the coarse grain block

affects the resolution with which one can observe the system but does not at all
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affect the underlying dynamics. If too small a coarse grain block size is used, more

fluctuations in the macroscopic variables occur.

2.5.1 Derivation of the Continuum Equations

For each additive conserved quantity of the microdynamics, there exists a macro-
scopic variable that is expressed as a moment of the mesoscopic particle distribution
function. The associated macroscopic variable is a field with a value at every space-
time point of the continuum and the evolution of this field is governed by a particular
dynamical partial differential equation that in turn is obtained by taking moments of
the mesoscopic Boltzmann equation. Since by construction one knows the form of the
conserved quantities in terms of the mesoscopic distribution function, and since one
knows the mesoscopic Boltzmann equation to second order in € ~ §z2 ~ 6t for the
lattice gas system, it is a straightforward procedure to derive the continuum equations
of motion.

We are now ready to determine the macroscopic equations of motion using the
lattice Boltzmann equation (2.104) and the corrected distribution function (2.187)
along with definitions for mass density (2.105) and momentum density (2.106). Since

Yo 277 =0, the zeroth moment of (2.104) is
€2
0{"1 Z fa + 0.,-77102 caifa + -2'7—_'61'6]' Z em-ea_,-fa = 0. (2199)
This reduces to mass continuity
dip + Bipv; + O(v?) = 0, (2.200)

which in the incompressible limit (p constant) implies divergence-free low (9;v; = 0).
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Since ¥, €422 = 0 too, the first moment of (2.104) is
€2
atmcz €aifo + 3jmc2 Z €qi€ajfa + ;ajakmcz €ai€ajCak fa = 0. (2.201)
This reduces to Euler’s equation
pa,v,- + 8jH;j = 0, (2202)

where the momentum flux density is

I;; = pbij + gpviv; DT 26,11, + 5D+ 0;v; (2.203)
or
pc ¢
Hij = 'P‘Sij + gpv;v; — m()\ - 5)81"0,'. (2.204)

The shift in A is a constant negative contribution to the shear viscosity by a lattice

effect. With sound speed ¢; = -, identify the pressure as
9 v?
p=pc|1— 9% ) (2.205)

Finally, inserting (2.204) into Euler’s equation (2.202), the Navier-Stokes equation

for viscous incompressible flow emerges

poy; + gpd;(viv;) = —0ip + nd%u; (2.206)
with shear viscosity
pc ¢
=—(A=—=]). 207
"= +2 ( 2) (2.207)

Since it is known how to determine the value of \, using (2.188) or (2.189), the shear

viscosity of a lattice gas is completely determined as well.
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2.5.2 Recalculating the Shear Viscosity Transport Coeffi-
cient

The derivation presented here is based on one originally given by Hénon [50] for
a D-dimensional lattice gas and it will confirm the result obtained in the previous
section.

In the Chapman-Enskog expansion above, one essentially decomposes the particle
distribution function into two parts: f, = f® 4 f1)  Here it is decomposed into
two different parts, its background value plus its deviation from the background:
fa = d+4f,. With this decomposition the collision operator (2.126) becomes

Qo = _(ny— na)TT[(d+8f)™ (1—d—8f,)' ™. (2.208)
c b

Since 6 f is small, use the following binomial expansions (exact since n, is Boolean)

(d+8f)" = d +n.d""15f, (2.209)

[(1—a)=6f]™™ = (A—d)'™ ~(1-n)(1—d)™5f,  (2.210)

which gives us

- ! 5 —np n,—d
0, = ;(n —n,.)T];[d“ (1—d)! [1 + i d)éf,,J . (2.211)
Thus, we obtain
Qo =Y (n, — n,)TdP(1 — d)BP [1 + Z "b 0= f,,] , (2.212)
C

where the following approximation holds provided all z; < 1
IMh+z] 1+ . (2.213)
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By the symmetry of the collision probability T'(s, s’) the first term vanishes

S(nl, = na)Td?(1 — d)P P =0
C

and the last term also vanishes since 3,6f, = 0, so we arrive at the fundamental
collision equation for 4 f,

Qo = > (0} = n)Td (1= d)P7771 Y myd . (2.214)
C b

Now, using the corrected distribution (2.174) and our ansatz (2.175), one can write

an expression for the deviation of the particle distribution function®

D A
0fa = — €aili — (—C-Qea;eajagtrj +O(v?). (2.215)

Inserting (2.215) into (2.214) and only keeping terms linear in the velocity gives

d\D

s‘lcollision —

Z(n; — ng)Td”™ (1 — )P~ Z NyEpi €6 0i ;. (2.216)
C b

Now from the propagation equation (2.171) it follows

. dtD
S)zropasnlmn — E’eﬂia‘_f‘fo) ] Teaieﬂjaivj‘ (2_217)

Equating our two expressions for the collision operator, 'ion = (Qprovesation it g

possible to solve for A

—¢

Yo(n! = ng)TdP~1(1 — d)B—r=1 3, ny(é, - €)% (2.218)

A=

Note that the denominator of (2.218) depends on the index a. Since the spatial lattice
is isotropic, it does not matter which direction is used; any particular direction can be

chosen without loss of generality. However, to make the connection with our previous

8Note that D, « 0fa does indeed vanish since the flow is divergenceless, d;v; = 0.
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expression for A, we sum over all lattice vectors. Therefore, it is preferable to write
this as

_ —¢B

T e Xa(n, = n)Tdr (1 — d)BP1y, ny(6, - 65)2
This result is exactly (2.189) found directly in §2.4.2 and provides a good consistency

A (2.219)

check.
Inserting (2.219) into (2.207), we get the shear viscosity of a single-speed lattice

gas is expressed explicitly in terms of the particle occupation number variables

plc B 1
= - .220
n D +2 (Zml; dr=Y(1 — d)B-2-1T(n,n’') Yap(na — nl)ny(€, - €,)2 2) (2.220)

where T'(n,n’) is the probability of a collision with n incoming and n’ outgoing con-

tigurations. This is the most generally useful expression for this transport coeflicient.

2.5.3 Variation of Viscosity Minima with Lattice Coordina-
tion Number
Three cases are presented for the kinematic viscosity versus reduced density for two-
dimensional systems with B = 4, B = 6, and B = 8 number of momentum states. No
solutions exist for odd B. All possible collisions are included by finding all permuta-
tions of the input configurations that conserve momentum. Therefore the collisions
arc particle-hole symmetric and the minimum value of the kinematic viscosity occurs
at half filling: vp_4(0.5) = 0.125, vp_4(0.5) = 0.0972, and vp=3(0.5) = 0.0908. The

kinematic viscosities are

171 1
VpB=4 ((l) = Z (@ — 5) (2221)
1 1 1
vp=e(d) = -|—= = ——— — 2.222
a=s(d) 4 (3(["([ + 12d%d? + 3dd? 2) ( )
1 1 1
vg_g(d) = = = = e < -~ —— |, (2.223
n=s(d) 4 (2(%([5(1 + 8 + BB + 8d2d* + 3dds) 2) ( )
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Figure 2.3: Kinematic shear viscosity, v(d), versus reduced density, d = n/B, for two-dimensional
lattice gases with B=4, 6, and 8 momentum states. Viscosity decreases with increasing B.

where the reduced hole density is d = 1 — d. Plots of these results are overlayed in
Figure 2.3. Calculations have been done for up to B =12 but no significant decrease

in the viscosity is observed.







Chapter 3
The Simplest Lattice-Gas (L=1)

3.1 Introduction

The discovery that a very simple discrete model, the Frisch, Hasslacher, and Pomeau
(FHI) lattice gas model [42], using only six bits of memory at each point in space re-
produces hvdrodynamics in its macroscopic limit has stimulated many investigations
of the subjeet of discrete kinetic equations. This subject, broadly termed lattice gas
methods. has to date expanded its scope beyond incompressible hydrodynamics to
thermodyvuamies. multiphase phenomena, magnetohydrodynamics, reaction-ditfusion
systems. and seems to be continuing its growth. Given the conceptual importance of
a simple lattice gas model with its ability to simulate so much, the FHP lattice gas
is presented here. The FHI lattice gas has three invariants: the total mass and the
two components of momentum.

It is well known that symmetric 3-bodly collisions must be included along with the
FHD model’s even and odd chirality 2-body collisions to achieve the correct macro-
scopic limit. However, the fact that both even and odd 2-body collision possibilities
are present dictates that when a 2-body collision occurs, a coin toss must also oc-

cur to determine the outgoing state. This coin toss does not make the FHI> model
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irreversible. Clearly if the model is constrained to have a definite chirality, say for
example 2-body collisions generated by § rotations are retained while 27" collisions are
discarded, then the lattice gas would be strictly reversible. But does this additional
constraint of a fixed chirality engender any spurious invariants? The answer is it does

not.

When introduced to the hexagonal lattice gas model for the first time, one in-
evitably asks the following question: Why does the discrete dynamics fail to reproduce
the correct continuum hydrodynamic limit when implemented on a square lattice?
One finds that four momentum states are insufficient by noting that the derivation
in chapter 2 of the correct form of the Navier-Stokes equation (2.206) relied on the
expansion of the momentum flux density tensor in terms of the isotropic tensor E2n),
Each isotropic tensor itself could be expanded in products of two-dimensional Kro-

necker deltas (2.20). In particular for D = 2,

EW = (8:i011 + Sirdjt + 0i1i;)

AAAA ~

(3&E2E + 39909 + &09E + PE7Y + £GF) + 9EOE + 299F + 987 |

| &y oo

Refer to §2.1.2 to see why this is so. For the square lattice case, B = 4, the lattice vec-
tors are orthogonal and £ cannot be decomposed into two-dimensional Kronecker

deltas. Instead
E?jk,|3=4 X biji = ETRT + GG
where 61 is a four-dimensional Kronecker delta [97] illustrating the lack of isotropy

of the momentum flux density on a square lattice gas. Since B = 5 is not space filling,

the next possible choice is B = 6 or the hexagonal lattice gas system.
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3.2 Using the Tools of the Trade

3.2.1 Triangular Lattice
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Figure 3.1: Triangular Lattice Convention: (a) Lattice vector label convention; (b) Triangular
lattice convention with lattice directions a = 3 up and @ = 6 down. Coordinates above the lattice
nodes are (i,j) memory array indices.

In a triangular lattice there are six vectors, enumerated in this section by the

convention

€q = (cos W—;i,—sin _7;_(1) , (3.1)

where a = 1,2,...,6. The spatial coordinates of the lattice sites may be expressed as
follows

;s = (z - %(j mod 2), -?-J) (32)

where i and j are rectilinear indices that specify the data memory array location used
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to store the lattice gas site data.
Let s = (j mod 2)(r mod 2). Given a particle at site (i,3), it may be shifted r

lattice units away to a remote site (¢, j') by the mapping

(W) = (i+r—;—l——s,j——r) (3.3)
(i = (i-3=si-7) (3.4
(.50 = (i-n7J) (3.5)
(W = (i=3-si+7) (3.
(1) = (i+i“g—1—s,j+r) (3.7)
(i'.5% = (i+7]) (3.8)

where (', j'). denotes the shifted site, that is, (¢,7) = (¢, j') with a shift along vector
7= 1€, and where division by 2 is considered integer division.

These stieaming relations are useful for implementing a lattice gas in a structured
language such as the C-language. An implementation on the connection machine
CM-5 in the C-lanpnage and DPEAC uses these relations for all address computa-
tions [106]. In these streaming relations, the modulus operator is base 2 because a
two-dimensional triangunlar lattice embedded into a square three-dimensional mesh is
pleated.

The simplest way to see this embedding is to define z = (j mod 2). Therefore
the third dimension along the z-axis is narrow, only one lattice distance wide. Half
of the lattice sites are at z = 0 and the other half are at z = 1. This divides
the triangular lattice into two sublattices that are referred to as pleat 0 and pleat 1.
Table 3.1 lists the components of the data translation vectors, or kicks, for each stream

direction, a = 1,2,...,6, for both pleats. This kick table was used for a CAMForth
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Table 3.1: Streaming for 2D Hex Lattice Embedded a into 3D Mesh

Direction | x |y |z
PLEAT O

1 00|t
2 01-1]1
3 0f-11]0
4 11-141
5 110141
6 0110
PLEAT 1

1 111 -1
2 110 }-1
3 01]-110
4 00 |-1
5 011 |-1
6 0110

implementation on the CAM-8 and a C* implementation on the CM-5 [106]. This is
equivalent to our general streaming relations for the case when r = 1. The usefulness
of this kind of embedding is that if the data for any one of the sublattices is rendered
for display, it can be drawn in simple raster form and fluid structures will appear
correctly, e.g. a sound pulse will appear circular.

In a triangular lattice there are six lattice vectors enumerated by

. Ta . Ta
€q = (cos —»sin —§—> , (3.9
or explicitly
i 1 V3
€& = (5,—2—)
= () \/5)
2= Ty
é = (—1,0)




2’ 2
6= (3-8
5 — 2’ 2
& = (1,0)

We therefore have the following two lattice kets
1
| e;) = 5[1,——1,—2,—-1,1,2]
3
ley) = -‘g—_[l,1,o,_1,—1,o]

We will need the following ket obtained by multiplying e, and €y component by

component
| exey) = -‘:/1—5[1,—1,0,—1,1,0]. (3.10)
Similarly
| ec€,) = -—?[1, 1,4,1,1,4] (3.11)
| eyey) = ?[1,1,0, 1,1,0. (3.12)

At this point, without any specification of the collision set or any knowledge of the
collision operator, one can still write down the eigenvectors of the Jacobian of the

collision operator. Using (2.144) the eigenkets are

| a) = [gnv(—et)a’(_l)na(—e)as(E*)n’l] (3-13)
or explicitly
[1) = [e,—€*,~1,~¢,6%,1]
|2) = [-e*,—¢,1,—6* —¢,1]
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|3> = [_131’_1717—131]
|4) = [-&,—€*1,—¢,—€"1]
- I5) = [¢*, —e,—1,—€%5,1]

|6) = [1,1,1,1,1,1],

where £ = exp(il) and €* = exp(—i%}). For later convenience in computing the

eigenvalues, define a new set of eigenkets as follows

1) = 16)
12) = =(D-15)
13) = [1)+]5)

14) = |2)-]4)

15) = = (2+14)
16) = |3),

or explicitly

| 1) = [1,1,1,1,1,1] =] eqe.)+ | egey)
2
IQI) = [1,1,0,—1,—1,0]=-\/—§ |ey)

|3}y = [1,-1,-2,-1,1,2) =2 ¢,)

| 41) = [1?1, -2,1, 11_2] = 2(' €y€y>*— I erel.))
4
R |5,) = [1’_1»0713"110]‘:%'8161])

|6) = [-1,1,—1,1,—1,1].
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To satisfy normality one must have

Wl = zloy

@1 = (-5
@1 = (0015
(@] = —15(1 2~ | 4)Y)
1 = 2—470 2+ 4))
@1 = g3,

where the dagger indicates column form.

3.2.2 Mean-Field Calculation of the Shear Viscosity

/ 1oo1oo->oo1oo1':'j;*:.t\'_ #* 100100 o1oo1o"’}.§{
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Figure 3.2: Enumeration of FHP 2-body collisions, even and odd chirality, and 3-body collisions.

‘The possible two-body collisions are illustrated in Figure 3.2, the blocks labeled
even and odd chirality, and also in Figure 3.6, which has three particles on-site but
with only two of the three particles undergoing a collision. This is referred to as 2-
body collisions with a spectator particle. The original FHP-model [42] did not include

collisions with spectators and instead included the two possible 3-body collisions, as
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illustrated in Figure 3.2. For two-dimensional flow, there are three invariants, the
mass, and two components of the momentum. With only the 2-body collisions in
Figure 3.2, there is an additional invariant: the difference in the particle number along
each of the three lattice directions give three conserved momenta instead of two. The
3-body collisions in Figure 3.2 are included in the FHI’-model to remove this spurious
invariant. Consequently, the collisions enumerated in Figure 3.2 are a sufficient set

to produce hydrodynamic behavior in the continuum limit. The associated collision

operator for the FHP-model is

(lznf’ = %Qa(1,4) + %Qﬂ(235) -

Qa(3,6) + Qa(1,3,5) — Qa(2,4,6). (3.14)

Writing this out explicitly

Qe = %fzfr;(l — f)( = f3)(1 = fa)(1 = fo) +
%f.'lfﬁ(l - = £)A - )1~ f5) -
fifs(l = f2)(1 = f3)(1 — f5)(1 — fe) +
fofafe(l = f)(1 = f)(1 = f5) —

fifsfs(1 = f2)(1 = fa) (1 — fo).
Consider the following input collision set, denoted f,

f = {{170’0’1’0’0}’{0?1’0701170}’{0,07130’071}’

{1,0,1,0,1,0},{0,1,0,1,0,1}}. (3.15)
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Then the output collision set, denoted by f’, can be computed by using (3.14), the

collision operator

= f+Q

(3.16)

Now, to completely specify the collision set, {f, '}, one can use formula (2.159) to
compute the Jacobian's elements
1
1) = [=d(1— P, 2d(1 + )1 - P,
1
51— 3d)(1 - a?, %d(l —2d)(1 —d)?,

%d(l —3d)(1 —d)2,%d(1 +d)(1 - d)?% (3.17)

From (2.141) it immediately follows that the eigenvalues of J are

(J11)y =0
(J]12) = 0
(J]13) =0
(J]4) = -3d(1-a)®
(J19) = —3d(1—d)?

(J16) = 6d*1—d)

Note that (J | 1') corresponds to mass conservation, (J | 2') to y-momentum conser-

vation, and (J | 3') to x-momentum conservation. The degenerate viscous eigenvalue

84




Ky, = —3d(1 —d)? is immediately identified. Therefore, according to (2.188) and using

(3.10), it follows that

1
A= ——m= eqe, | )| eze
3d(1__d)3a€§5’}( ?!I )( | y)
_ 1
T 4d(1—d)3’

Finally, according to (2.207), the result is obtained

e 1 1
FHP __ .~ -
T =P (12d(1 —ap 8) ‘ (3.18)

3.2.3 An Example of a Deterministic Lattice-Gas

When implementing a lattice gas on a parallel computer it is most convenient to
use deterministic updating rules. This is important for several reasons. First, using
deterministic rules, the lattice gas is strictly reversible, and can possess a time-reversal
invariance with respect to a parity operation on the momentum states. Therefore,
such a lattice gas mimics the time reversal invariance characterizing natural physical
laws of motion. The reversibility allows one to run the gas dynamics forward to some
state and then back to its initial state. As a practical matter, this is a good way to
check if the local rules are coded correctly. Second, the generation of random numbers
typically takes time and using random bits increases the number of states that the
rule must deal with. For these reasons deterministic local rules are preferred. Two-
dimensional lattice gas collisions can be categorized by their even or odd chirality.
Using even chirality collisions on even time steps and odd chirality collisions on odd
time steps eliminates the need for the random coin toss used in the FHI model. The

collision operator that produces deterministic 2-body and 3-body symmetric collisions
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1s the following

Qa = Qa(1,4) - Qa(0v3) + Qa(1,3’5) - Qn(07274)a

which is written in expanded form as

o= f(0-f)1-f) 01-f)Q-Ff) -
Ll (=F) (1=f) (1= f5) (1 - fo) +
ofafs 01=f1) (1= f3) (1~ fs5) -
fifsfs (1=f2) (1= fa) (1 = fo)

Consider the following input collision set, denoted f,

f = {{1,0’0’1,0’0}1{0’1,0,01170}’{0’0’1’0’071}7

{1,0,1,0,1,0},{0,1,0,1,0,1}}.

(3.19)

(3.20)

(3.21)

Then the output collision set, denoted by f/, can be computed by using (3.19), the

collision operator

= f+9Q

{0,1,0,1,0,1},{1,0,1,0,1,0}}
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{{0,1,0,0,1,0},{0,0,1,0,0,1},{1,0,0,1,0,0},

(3.22)




Using (2.159) the Jacobian may be calculated

J = [—d(1—d)%d*(1—d)?d(l—2d)(1-d), (3.23)

—d(1 — 2d)(1 — d)%, —d*(1 — d)?,d(1 — d)?]

Using (2.141), the eigenvalues of J may be directly calculated

(JI)y = 0
(J]2) = 0
(J]3) = 0
(J|4) = —6d(1-d)?
(J]5) = —2d(1—d)?
(J|6) = 6d%1—d)

There are oulv three zero eigenvalues, so this chiral lattice gas model possesses only
three imvanants with eigenvectors corresponding to the total mass and the two com-
ponents of momentum. Using
—£
A= Y —(eiej | a){a | ee;). (3.24)
ae{ar 51} Ko

it becomes

>
|

e ! / é’ / !
6d(1 — d)? {exey | 4)(4 | exey) + 2d(1 — d)? (ezey | 5')(5" | exey)

3¢
8d(1 —d)*

Finally, according to (2.207), chiral shear viscosity is

. e 3 1
chiral __ ~ .
=T (32(1(1 —d)p 8)' (3.29)
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So by this example of a two dimensional lattice gas on a triangular lattice, the viscosity
of a chiral lattice gas is slightly higher than that for a nonchiral or nondeterministic
gas; compare (3.18) with (3.25).

It is interesting that although the chirality of its collisions is definite, no spurious
invariants appear in the Boltzmann limit and, particularly, that this lattice gas is
reversible. So this chiral lattice gas is even simpler that the FHP model and requires
no random coin tosses. The methodology of successively switching between left and
right-handed collision tables is therefore justified, at least in the Boltzmann limit.
Switching between left and right-handed collision tables is done on the CAM-8 since
there is no additional time or memory cost (per module) incurred in using multiple
tables because of the double buffering of the lookup tables [64]. The observation that
a fixed chirality lattice gas model can have the correct macroscopic limit is interesting.
More importantly, in the case of the three-dimensional face-centered hypercubic (fchc)
lattice [41], this observation may help to reduce the number of collisions. There are
24 nearest neighbors in fche, so a full collision table has 22! = 16mega entries. For
parallel computers such as the CAM-8, implementing such a large collision table is
inefficient. Compression of the fche collision table has been explored[83]. Fixing the

fche collision table chirality may allow additional compression.

3.2.4 An Example of a Spurious Invariant

The FHI-model without 3-body collisions is a good example of a lattice gas with an

unwanted spurious invariant. The collision operator in this case is

02 = 5Qu(1,4) + 5Qu(2,5) = Qu(3,6).
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Writing this out explicitly we have
G = Shi0- )1 - R0 -1 f)+
Liafol1 = £ = F)(1 = £)(1 = f3)
fifa(t = fo)(1 = f3)(1 = fs)(1 = fo).
Consider the following input collision set, denoted f,
= {{1,0,0,1,0,0},{0,1,0,0,1,0},{0,0,1,0,0,1}}. (3.26)

Then the output collision set, denoted by f’, can be computed by using (3.14), the

collision operator

fro=r+Q
- 0ol b godbelid ekt
Using formula (2.159) gives the Jacobian’s elements as
[J) = [=d(1-d)?, %d(l —d)?,
%d(l — ), —d(1 - d)",
-;-d(l —d)?, —;-d(l —d)}] (3.27)

Now, using (2.141) we get the eigenvalues of J

(J11y = 0
(J12) = 0
(J13) = 0
(J]4)y = =3d(1-ad)?
(J15) = —3d(1-d)?
(J]6) = o.
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There are four zero eigenvalues, one too many, so as is known, a lattice gas on a

triangular lattice without 3-body collisions is insufficient for recovering correct hy-

drodynamic behavior in the macroscopic limit.

3.3 Some Numerical Fluid Experiments

3.3.1 Measurement of Shear Viscosity

Method 1: Forced Parabolic Profile

CAM-8 Momentum Profite Data
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Figure 3.3: Momentum profiles for Poiseuille flow for filling fractions d=0.1 to d=0.5 for a FHP
gas with particle-hole symmetric collisions. Parabolic fit shown for half-filling result.

To numerically measure the shear viscosity of a lattice gas 1 will consider a system

with toroidal boundary conditions and square-wave forcing. This is a flow condition

known as Poiseuille flow [33]. This method has been previously applied to lattice

gases by Kadanoff et. al. [52]. We give a derivation of a theoretical expression for the

shear viscosity in §2.5 and §2.5.2. The numerical measurcments allow us to check the
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consistency of our work. This numerical technique will be very valuable for measuring
the shear viscosity of complicated fluids: for examples, a thermodynamic system
described later in this volume or a multiphase system described later in Volume II
[102]. An interesting question is whether this method will work well for a multiphase
fluid near its critical point.

Let us consider flow in a channel of half-width W and length L. For Poiseuille
flow under steady-state conditions with uniform forcing only along the length of the

channel, the Navier-Stokes equation (2.196) reduces to a simple form

o _ (3.28)

~2
A

where by denoting the total amount of forcing in each half of the channel as pr, then

it follows

__ rrF
F = WL (3.29)

The solution of (3.28) is a parabolic velocity profile

W2) = -ﬁ— 2
v(z) WIn (Wz z ), (3.30)

where 0 < z < W ranges over half the channel-the profile in the other half of the
channel is a symmetric image. The maximum velocity occurs at %, 80 (3.30) reduces

to

(3.31)
Letting gmaz = Plmar denote the maximum momentum density in the Poiseuille
profile, and since the kinematic viscosity » = ;’,l, the result is

pf‘/V
V=
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When simulating the square wave forcing in the channel, one measures the maximum
momentum occuring at the peak of the profile, ppa,, by averaging along the entire
length of the channel to improve the statistics. The momentum density, g,naz, is then

directly computable by

P
Imar = A:::; (333)

where the unit area of a lattice cell is Ajep = 3? . In terms of Pmaz the kinematic
viscosity becomes
1 pr V3W ¢

= e—— 3.34
Y Apma 2L T (3:34)

It is useful to express the kinematic viscosity in term of the number of lattice sites.
Let L; and L; denote the number of lattice sites along the width and length of the
system, respectively. Then W = %‘- and the length is reduced to L = ‘/_—;Ll because
of a triangular lattice (see Figure 3.1). Then our final expression for the kinematic
viscosity becomes
y=o i (3.35)
The dimensions of (3.35) are explicitly written in terms of the spacetime lattice-
constants: g
Measurements were performed on the CAM-8 for a hexagonal lattice gas with
particle-hole symmetric rules. Poiseuille momentum profiles for this system are ob-
tained by forcing along the length of the channel (see Figure 3.3). The profile for
the system at several densities from 10 percent to 50 percent filling are plotted. The
profile is parabolic. The peak momentum value decreases with decreasing density and
the mean free path increases. This in turn causes momentum diffusion to increase.
The simulation data are plotted in Figure 3.4 over the theoretical curve of the shear

viscosity (2.207) where ) is calculated with the method given in §2.4.2 applied to
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Figure 3.4: Viscosity profiles obtained by Poiseuille flow measurements. Theoretical curves plotted

for FHP 2 and 3-body collisions, particle-hole symmetric collisions, and collisions with spectator
particles. Simulation data from CAM-8 and CD4360 compared with particle-hole symmetric case.

an FHP lattice gas with particle-hole symmetric collisions. For low densities, a sys-
tematic error is observed in the comparison of the simulation data to the theoretical
value. This is caused by the finite size of the lattice. Otherwise the agreement of
simulation and theory is excellent as demonstrated in Figure 3.4.

It is worth noting that when performing this type of measurement on a parallel
SIMD computer one cannot know in advance the exact number of forcing sites causing
a change in the lattice gas momentum. This is because a bit plane must be used to
store a mask for forcing. Any lattice site under a mask point may or may not be able

to be forced. We may write the forcing operator as follows

. )
F(7) = LBt (3.36)
T
which acts on site x and rotates a particle from momentum state 5 to a and where
Opap[me = %,-‘-/2—_‘ ,1, V3, depending on the value of a and . The direction of the
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forcing is é3 — €,. If there were not a particle present in state 3 or there already was

a particle present in state o, F(%) will have no effect on the system.

Method 2: Decay of Sinusoidal Profile

Kinematic Viscosity

o
o

007 02 03 04 035

Reduced Density

Figure 3.5: Kinematic viscosity versus density obtained by measuring the rate of exponential
damping of a sinusoidal velocity perturbation. The theoretical mean-field prediction and numerical
data are plotted for an FHP lattice gas with 2 and 3-body collisions on a two dimensional triangular
lattice. Simulation runs were done on the CAM-8 on a 512 x 512 periodic space.

Given a sinusoidal perturbation of wavelength A of a fluid one can straightfor-

wardly measure the time for relaxation to an equilbrium state where the fluid is at

rest. The relevant part of the Navier-Stokes equation is the time dependent term and
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the momentum diffusion term

(8, — v82)p, = 0. (3.37)

This has the solution
Pe = posin kze ¥, (3.38)
Therefore, the decay rate, kv, can be measured to determine v since k = %\’1 is

known. This method is easier to implement on the CAM-8 than the square-wave
forcing method, since no forcing bits or rules are required and it is easy to generate
an initial random fluid pattern with a sinusoidal perturbation. Very good agreement
is found between the mean-field theoretical prediction of the kinematic shear viscosity
and the numerical data shown in Figure 3.5 taken on the CAM-8 for the FHI lattice
gas.

In practice, one would like to include all allowable collisions since this reduces
the shear viscosity. Therefore, one may also include 4-body collisions, as illustrated
in Figure 3.7. A plot of the lattice gas shear viscosity is given in Figure 3.8 where
the decrease in the shear viscosity is observed according to the mean-field prediction.
The highest curve of Figure 3.4 is the theoretical value obtained using (2.207) for
the FHP-model with 2 and 3-body collisions. The middle curve, which is slightly
lower, is the value obtained with the addition of 4-body collisions. The fact that it
is symmetric about one-half filling is due to particle-hole symmetry in the collision
rules. The lowest viscosity curve is obtained by using all possible collisions, including
2-body collisions with a spectator particle present. In (3.3.1) I discuss the numerical
measurements made for the simple hexagonal lattice gas and its comparison to the

theoretical results.
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Figure 3.6: Enumeration of 2-body collisions with a spectator particle.

3.3.2 Superposition of Sound Pulses

To illustrate the macroscopic behavior of the triangular lattice gas it is sufficient to
perform a simple experiment. Consider a system with toroidal boundary conditions
that is initially randomly populated with particles at some particular filling fraction.

The total initial momentum in the system is zero. Then extract all the particles in two

011011->110110 3¢ ‘F 011011->101101 »*’

* 101101->o11o11"}~,,.;" _,*/ 101101->11o1to_>§(_”
}( 110110->1o1101"*‘ >< 11011o->o11011'*"

Even Chirality 0Odd Chirality

Figure 3.7: Enumeration of 4-body collisions, even and odd chirality, which are particle-hole
symmetric with the 2-body collsions.
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Mean field theory versus CAM-8 simulation
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©
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EE

Kinematic viscosity

Figure 3.8: Viscosity profiles obtained by measuring the rate of expontential damping of a sinu-
soidal velocity perturbation. Theoretical curves and numerical data plotted for a hexagenal lattice
gas with 2 and 3-body collisions, particle-hole synunetric collisions, and collisions with spectator
particles. Simulation data are from the CAM-8.

adjacent small square regions near the middle of the system. That is, initially there
are two small evacuated regions near the center of the system. Think of the initial
conditions as a pond at rest into which are simultaneously tossed two square stones
which, as they fall into the fluid and drop past the surface, remove two square regions
of the fluid. Figure (3.9) depicts the resulting pressure waves that are produced.
After 96 time steps the circular shape of a sound wave is clearly apparent. After
256 timesteps the two sound pulses produced interfere with one another and the
superposition of sound modes is demonstrated. The simple example of the stones

in a pond experiment was first done for the HPP-model on a square lattice [66].
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(a)

®

©

Figure 3.9: Tustration of sound mode and superposition in an FHP lattice gas. (a) Initial pattern
with two square regions removed (i.e. two stones in a pond), (b) circular sound wave forms after
96 time steps, and (c) superposition observed after 256 timesteps. Sound speed is ¢/ D, where ¢
is the speed of a single lattice gas particle and D = 2 in this case. Simulation carried out on a
1024 x 512-1attice.

The simulation of the interference patterns of sound wave is straightfoward to model
with the lattice gas methodology, even if complex boundary conditions and density

gradients are imposed.

3.3.3 Kelvin-Helmholtz Instability on the CAM-8

Another well known fluid instability is the Kelvin-Helmholtz shear instability.

Figure 3.10 shows a simulation of a shear instability on a hexagonal lattice 4096 x 2048

in size with toroidal boundary conditions. The initial conditions for the simulation
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are very uniform. A gas density is chosen, in this case approximately % filling, and
two horizontal regions are set with uniform, but opposing flow directions. That is,
the majority of the fluid, the background region, is set with a uniform flow velocity
of approximately 0.4 ¢, (Mach 0.4) flowing to the right. A narrow stripe 256 sites
wide is set in the center of the space flowing to the left at -0.4 ¢,. No sinusoidal
perturbation is given to the counter-flow narrow stripe region as in previous lattice
gas simulations[80]. No external forcing is applied during the simulation run. The
only perturbation is caused by minor fluctations produced by the random number
generator when producing a uniform fluid density. After approximately 10,000 time
steps, the narrow horizontal center stripe forms a sinusoidal pattern. The sinusoid
grows and eventually breaks into several counter-rotating vortices, and the two flow
regions begin to substantially mix. Figure 3.10 shows the state of the fluid initially
and then at 10,000 and 30,000 time steps. By ¢ = 30,000, the formation of a wave is
apparent, typical of the Kelvin-Helmholtz instability. Eventually, after 400,000 time
steps, the fluid attains a uniform flow to the right after the system has equilibrated,

exactly conserving the momentum in the initial configuration.

3.3.4 Von Karman Streets on the CAM-8

Figure 3.11 shows successive snapshots of a CAM-8 simulation of vortex shedding
from a flat plate from the initial state to time step 20,000 on a hexagonal lattice
4096 x 2048 in size. The boundary conditions are effectively toroidal. A momentum
map, overlayed on a vorticity map, is computed with a Galilean shift of 25 percent
of the mean flow. Clockwise vorticity is shaded red and counter-clockwise vorticity is

shaded blue. A flat plate obstacle is placed in a channel of fluid with a flow directed
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towards the right of the figure. The fluid flow is forced to the right at each time step
in a “forcing strip” at the right end of the channel. The effect of sound waves and
other disturbances that propagate around the torus do not significantly alter the flow
behavior.

The flow is started from a random distribution of particles at the appropriate
density with a net velocity close to that of the steady state flow. Since this is not
a true equilibrium starting condition, some transient behavior appears in the form
of a sound pulse that propagates down the channel. This pulse is absorbed by the
forcing strip. After 2000 time steps the system is equilibrated with no transient
phenomena visible. This equilibration time is very short compared with the time
necessary for vortex development. The toroidal boundary conditions are sufficient to
produce vortex shedding phenomena, however the simulation’s elapsed time cannot
exceed 20,000 time steps. To run the simulation to long times, a cylindrical boundary

condition appears to work extremely well [106].
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Figure 3.10: Two-speed CAM-8 experiment: Vorticity and momentum map of two-dimensional
shear instability. Lattice size of 4096 x 2048 with toroidal boundary conditions. Spacetime averaging
over 128x128 blocks for 30 time steps. FHD collisions with spectators and a rest particle. Data

presented at 0, 10000, and 30000 time steps. Re ~ 1000.

101




e ot - e e e ey

e e ——

.. Py s o

..~

!

]

LR T T N N N ]

[N | U )

5000 ; z 16000§
10000 17000
12000 ; 18000
13000 g _ _ f 19500
14000 20000

Yl

Figure 3.11: Two-speed CAM-8 simulation: momentum and vorticity plot of Von Karman Streets
for a lattice size of 4096 x 2048. Time Average: 30. Spatial Average: 64x64 (momentum), 16x16
(vorticity). Mass Density Fraction=1/7. Data presented at indicated time steps. At rest at ¢ = 0,
v = 0, and accelerating to v = 0.3c at ¢ = 20, 000. Diameter of cylindrical obstacle: d = 236. Critical
Reynolds number for vortex shedding, Re = 42 occurs at approximately ¢+ = 10,000. Maximum
Reynolds number achieved in simulation is: Re ~ 230. Red indicates clockwise vorticity and blue

counter clockwise vorticity.
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Chapter 4

Multispeed Lattice-Gas

A simple generalization of the FHI> single-speed collision rules leads to emergent
behavior similar to that which occurs in hydrothermal fluids in nature. The simple
generalization is to allow particles to have several speeds that are integral multiples
of the fundamental unit speed, v = nc = nf/7. Such a lattice gas system is referred
to as a multispeed lattice gas. Multispeed lattice gases for the recovery of the classical
thermohydrodynamic fluid equations have been investigated by several researchers,

Chen et al. [27], Teixeira [86], and Ernst and Das [36].

Following Chen [27], I have implemented a two-speed model with a rest particle.
This models a thermohydrodynamic system. This kind of lattice gas was first in-
troduced in 1987 by Burges and Zaleski [20] in the context of multispecies particles.
Their goal was the study of lattice gases that model buoyant mixtures. In essence,
their model was two coupled single-speed hexagonal gases with a rest particle. They
succeeded in achieving a convective instability in their lattice gas driven by a con-
centration gradient in the species populations. However, they did not succeed in
developing an equation of motion for this system. It was not until 1991 that the

equation of motion for this system was derived. This was done by the lattice gas
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Table 4.1: Multispeed Lattice-Gas Glossary of Variables

Variables Names
LATTICE CONSTANTS
¢ length unit
T time unit
m mass unit
c velocity unit (£)
D spatial dimension
GAs CONSTANTS
Cs sound speed
n shear viscosity

v

kinematic viscosity ()

MULTISPEED MODEL

particle speed index

number of momentum states/speed
particle speeds

lattice vectors/speed

number density/speed

reduced density/speed

distribution function/speed

heat flux

pressure tensor

total energy
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group at Los Alamos [27]. The important step made by Shiyi Chen and coworkers
was to interpret the coupled system as a single species gas but having two speeds.
Grosfils, Boon and Lallemand have introduced a three-speed thermohydrodynamic
gas with speeds 1,3, 2 and a rest particle [44]. With this 19-bit model, efficient
collisional mixing can occur with all particles having the same unit mass. Since
the particles may now carry different units of energy, in addition to the equation of

continuity and Euler’s equation, in this system we have an energy transport equation.

4.1 Summary of Physical Assumptions

e Discrete Spacetime (equivalently: cellular phase space)

o Isotropic spatial lattice

el =0 (4.1)
B, c;
Zem G = T (4.2)
Zemea)e =0 (4.3)
B, o
Ze” €5 eien = ‘D‘mg(éqéu'{‘(snkéﬂ'*‘&zl&]k) (4.4)

¢ Mass, momentumn, and energy conservation

p = my £l (4.5)
pv; = mcz es.fd (4.6)
nE = —mc2 Z )2 fe (4.7)
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e Darticles are Fermi-Dirac distributed

1
7 4.8
fi=1 +exp (o + avefv; + GE,) (438)

e Equilibrim Dynamical Equation

QfC + eS0T = 0. (4.9)

Note that all these physical assumptions are not independent; however it is con-

venient to use these as our starting point.

4.2 Microdynamics: An Exactly Computable Ther-
modynamical System

The evolution of the multispeed lattice gas is written in terms of ng as a two-part
process: a collision part and a streaming part. The collision part permutes the

particles locally at each site.
ng (Z,t) = ng(T,t) + Q3[i(F, )], (4.10)

where (7 represents the collision operator and in general depends on all the particle
momenta and energy states, denoted by 7, at the site. In the streaming part of the

evolution the particle at position & “hops” to its nearest neighbor (or next nearest

neighbor and so forth) at & + £e?, and then time is incremented by 7
no(& + €8], t + 1) = nJ'(&,t). (4.11)

Note that the set {€]} are not in general unit vectors. And for each speed o, the set

of vectors {eJ} for a = 1,..., B, specifies an isotropic lattice. Therefore, the usual
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lattice tensor identities hold for each lattice gas speed

E@H) = ¢ (4.12)
2n
E@m = B Zo_pn (4.13)

D(D+2)---(D+2n-2)c*
where ¢, = oc is the speed of a particle in the o**-energy level. Equations (4.12) and
(4.13) impose a more stringent restriction on the choice of lattice geometry than is
absolutely necessary. However, this restriction simplifies the calculations.
Combining the collision equation (4.10) and the streaming equation (4.11) gives

the multispeed lattice gas microdynamical transport equation of motion
(& + €2, t + 1) = nl(Z,1) + QI[A(Z, 1)]. (4.14)

For each speed ¢ = 0,1,...,M, (7.1) is identical in form to the classical lattice
gas described by (2.23). The essential difference in the present case is that the set
of M lattice gas transport equations (7.1) are coupled by energy mizing collisions
implicitly contained in Q2. Without such energy mixing collisions, the lattice gas
system described by (7.1) could not give rise to an equipartition theorem for the

multiple energy level occupations.

4.3 Statistical Mechanics of a Multispeed Lattice
Gas System

The multispeed lattice gas Hamiltonian is

M
sz;lzlz_:Ea n7( (4.15)

where there are a total of V spatial sites in the lattice, B momenta directions, and

M momenta magnitudes. Note that in this form of the Hamiltonian, the occupation
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variable is Boolean: ng € {0,1}. The “kinetic” energy of a particle moving in direction

a in the o*"-energy level is

1 1
El = é-mc?, = Emc(é‘;)Q. (4.16)
The total mass density is
ptolal s Z m’nZ(IIJ) (4.17)
Tao
and the total momentum density is
PoaVi =Y meeln? (). (4.18)

The grand partition function for a multispeed lattice gas system with N particles is
defined as

E = Z exp [_ﬂH + ll’ptoial + ptotal‘/ia‘i} . (4.19)
{n}

The sum is over all configurations of particle occupations in the grand canonical
ensemble. This configurational set is denoted by {n}, and y is the chemical potential.

Inserting (4.15), (4.17), and (4.18) into (4.19) gives

E = Y exp|—8Y.EIni(x) + 1> mnl(z) + o > meednd(x)|  (4.20)

{n} zaa rao a0
= Y J] exp[-BES + pm + aymee?|"s ™) (4.21)
{n} rac

Define the fugacity as
27 = exp [— BE] + pm + a;meeq;] . (4.22)

Note that z{ is not dependent on &. The grand partition function simplifies to

n

=3 TI (). (4.23)
)

rao
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Now it is possible to interchange the sum over configurations {n} with the product
over the coordinates (z,a,0); that is, ¥ (.} [lya0 — [lzac 2n- What are the limits of
the sum over n after this interchange? The answer is that the sum must now count
from n =0,...,2V — 1, where N,,, is the maximum number of particles that can
occupy a channel. In the present construction, the channel is defined as (z,a,0).
There can be at most a single particle per channel according to the Hamiltonian
(4.15), 80 N,., = 1. Furthermore, upon interchanging the sum with the product, the
exponent of the fugacity becomes just a number independent of z, @, and 0. That
is, we are sumning over all possible powers of the fugacity. Therefore, (4.23) can be

rewritten as

211
E = Hzo(zf:)" (4.24)
= [+ (4.25)
= JTa+z)". (4.26)

aa

The last line follows from the fact that z7 is independent of #. The grand potential,

denoted §2, is defined as the logarithm of the grand partition function, so that

Q0 = logE (4.27)
= VS log(1+427). (4.28)

The particle number density per site, denoted f, is defined as
17
—log Z(z2), (4.29)

so for the multispeed lattice gas system, the number density is

F=¥s i‘*zﬂ. (4.30)
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Since f = ¥,, f¢, the particle distribution per direction a and per energy level o is

the Fermi-Dirac function
1

m' (4.31)

fa =

Therefore, each bit of the multispeed lattice gas obeys the Pauli exclusion principle

as expected.

4.4 Obtaining the Macroscopic Equations of Mo-
tion from the Fermi-Dirac Distribution Func-
tion

In this section I generalize the calculation done in §D.1 where the single-speed Fermi-
Dirac distribution function is expanded in powers of the bulk flow velocity. The
distribution must be written as a function of the sum of scalar collision invariants

that now includes an energy term, o” + a*e%v; + SE,, implying the following form
a = .

I = 1+ exp (ar + :\'“ej,’iu,- + BE,)’ (4.32)
Expand the o, o, and g as follows
o = aof + -;-afz’vQ +O(v) (4.33)
o' = af + %afg'vQ +O(v) (4.34)
B = fot g +O0). (4.35)
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Using the identities (2.19) and (2.20), an expansion to fourth order of (4.32) about

zero velocity is the following

o= d, (4.36)
-

— —-— P !
dU(l d ) Ie(u c
1 E, ?

gl (1 = do)(eb + Bogr )
1 o .0 Vilj

+§dﬂ(1 - dﬂ)(l - 2d¢')( )26‘“‘6“]6—2]
1 v o Vit

"—'é'dd(l - dﬂ)a3em-?

(1= dy)(1 = 2d,)at (0 + 8 )"@
9% 1 21{ T
1 ViV U

6d,,(l — d,)(1 — 6dy + 6d,%)(a})eg,e2;€5; =
+0(v*)
where d, = f? |4=0 and E, = %Za (€2)%d,. The macroscopic dynamics depend on

the following dynamical variables.

Particle number density:

my fI=p, (4.37)
Momentum density:
me Y €2, f7 = pu;, (4.38)
Momentum density flux tensor:
mc? Z €ni€aifa = ;. (4.39)

Total energy density, half the trace of the momentum flux tensor:

1. (4.40)




~

Pressure tensor, I’:

f?‘-j =mY_ f7(ceZ; — ;) (cezj — 'Uj) . (4.41)
Heat flux, q:
g=my fI (ce,‘:j - vj)2 (ced; — v;). (4.42)
a,0

In equilibrium in the mesoscopic limit, the dynamical transport equation is

O fd +cel0;f2 = 0. (4.43)

1

Equation (4.43) implies three conservation equations. To obtain these equations, the
identities for isotropic lattice vectors (2.20) and (2.19) are necessary. Using (4.37)

and (4.38) in (4.43) gives continuity (mass conservation):
Op + 9;(pvi) = 0. (4.44)

Using (4.38) and (4.39) in (4.43) gives the Navier-Stokes equation (momentum con-
servation):

9 (pvi) + 0(pgviv;) = —0;p + nd*v;. (4.45)

where
1
p=(-1)nE- 5/)91’2) (4.46)

and v = %— ory—1= %. To derive the heat equation, take the second moment of
(4.43)
Oy (nE) + cd; [Z mcﬁezjf:] = 0. (4.47)

The term in square brackets can be determined by expanding the heat flux (4.42)
q; = cz mc?,e:"]— « — 201 — 2/)@!?1']- —vnk. (4.48)
aa
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Now the pressure tensor (4.41) reduces to
I),'j = H,‘j — PUY; ' (449)

so we have

> mc?,ezjf: =¢q; + 2v;l;; + v;nE. (4.50)

Substituting this into (4.47) gives the heat equation (energy conservation):
1
8,(nE) + a,'(’nE'U.;) + 5('9.;(1.; + 81-(1;,»1’“) = 0. (4.51)

Although the lattice gas may in principle comprise an indefinite number of speeds,
from (4.46) we see that the pressure depends upon the square of the bulk velocity;
that is, it is the total internal energy of the lattice gas minus the bulk kinetic energy.
In a single speed lattice gas, this kind of velocity dependence is anomalous and is
a well known deficiency of the lattice gas (see the discussion in subsection §2.3.1).
However, for a multispeed lattice gas the existence of this term takes on a physical
interpretation. For a classical ideal gas, the pressure is proportional to both the sound

speed squared and the temperature
p = pct = nkpT. (4.52)

Since p = mn, equating (4.46) with the ideal gas law (4.52) gives the total internal
energy in terms of the bulk kinetic energy %mv2 and the local particle thermal energy

kgT

k
E = gmv2 + k8T

ot (4.53)

The Navier-Stokes equation (4.45), the pressure (4.46), and the total energy (4.53)
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all explicitly have a factor ¢ in them.! If ¢ = 1, then a multispeed lattice gas
would exactly solve the ideal fluid equations where the physical interpretation of the
total internal energy would then be that it partitions into a bulk motion term, or
kinetic energy, and a fluctuating motion term, or random heat energy associated
with a certain gas temperature. Therefore, the multispeed lattice gas calculation, in
the Boltzmann limit, would exactly agrees with classical kinetic gas theory (see the
expression for the partial pressure of an electron gas given by Li and Wu [59]). One
would expect g to approach one only as the number of speeds in the lattice gas model

becomes large.

4.5 Determination of Expansion Coefficients

For convenience we will make the following definitions

2
a = ZB,,—C(-“’z—da (4.55)
a; = Y. Byd,(1-4d,) (4.56)
a
a = ZBod,,(l—d(,)—-EL (4.57)
= kT
2
a = ZBa%da(l—da)(l—Qd,,) (4.58)
ag cn?
b = ZBﬂ?dﬂu—da) (4.59)

E,

o (4.60)

Co?
1)2 = ZBa?da(l—da)

'In the Boltzmann limit, the factor g depends on the particle speeds, c,, and on the density
distribution per speed, d,, by the following complicated expression

_ D ¥,Bods Y, Bs(52)ds(1 - d,)(1 - 2d,)
9= D+2 [, Bo(S2)2d, (1 - d,)]* '

(4.54)

This expression is derived in the following section, see (4.80).
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by = Y Bo-Zdy(1 - dy)(1 - 2d) (4.61)

p A
= B & (1= d,)(1 - 2d,) 22 (4.62)
G = : o ) a I\,BT .
4
as = Y. B, C; do(1 — dy)(1 — 6d,, + 6d,2) (4.63)
Defining
B=Y B, (4.64)
. . Y. B,d, . .
the reduced density has the usual form d = e = & and the zeroth moment of
(4.36) is
1 " 1 2 c,? o U2
L= 5B [t = a1 — (e + ) + 51— o)1~ 2l ] =
(4.65)
Using the definitions, (4.65) reduces to
P az . 2
a105 + agfh — 5(01) =0. (4.66)
The first moment of (4.36) is
Lo = ZB[—C”2c1 (1= dy)at™: (4.67)
B po aiJa - ~ a DC2 o o 0‘1 c R
Co’ LUiv?
“apa’e !~ dlei g
,72 » 6,, U;’U2
+'21)—c2da(1 - d(,)(l - 2(1”)01( 5 )7
ey (1—d,)(1 — 6d, +6d 2)( oy ]
2D(D +2)c* ™’ A
Uy
= d—.
c
Using the definitions, the first-order terms in the velocity of (4.67) reduce to
o =-Dn (4.68)
b




and the third-order terms in the velocity reduce to

'111

bog -5 1a2——aldz+ (a})* = 0. (4.69)

as
D(D +2)
The second moment of (4.36) is
lZ(E"-)?f" = ZBU[CL?dU (4.70)
Byt = g
Co? €o (V2
—2d, (1 - d,) (o4 )2
5aadel ) T @
4
Ca v
+"_"da(1 - da)(l - 2da)(a'l)

2D
ar

2mc2’

2V’

2
Using the definitions, the terms independent of the velocity of (4.70) reduce to

1
nk =g S me,’B,d, (4.71)
a
and the second-order terms in the velocity reduce to
bs

b1 + bafls — D( af)? = 0. (4.72)

The forms of (4.66) and (4.72) are the same, so using (4.68) we may write them in

a; ap os\ _ Dn?( a4 v
(bl bz)(ﬂa)““b% (b) (4.73)

The solution for o and s is then simply

matrix form as

Dn2 a3b2 - (lgb:;

p

“ b% ay b2 - agbl (474)
Dn2 (le‘; - (lqbl

i} - : : 4.75

2 bf a) b2 - agbl ( )

Using of = —£2, (4.72) becomes
b
biad + by = D= (4.76)

b2
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which will be of use when we derive an expression for the momentum flux density

tensor.

4.6 Momentum Flux Density Tensor

The definition of the momentum flux density tensor (4.39) is the following

IL;; =me Ze

Substituting into (4.39) the expansion (4.36) for f¢ gives

1 v?
I; = mc2zem f 2d‘,(l d,)(ch T)c2 (4.77)
me L e egkez,;da(l — d,)(1 - 2d0) ()25
Using the identities for the products of lattice vectors, we have
1
m; = & 2 mcEB,dybij — 5D 2 (braf + bofBa) %5 (4.78)
m D d2b312 m D ﬂv-v-
2D+2 b7 Y D+2 b 7
Using (4.71) and the identity (4.76), this reduces to
2F Oij
IL; = pmé,«j - pgv2—l—)3- + pgv;v; (4.79)
where we have determined the factor g to be
D nb';
= — 4.80
P72 w2 (4.80)

Now we know that the ideal part of the momentum flux density tensor (2.192) is

IL;j = pdi; + pgviv;
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so equating this with (4.79) gives us an expression for the fluid’s pressure

2

g o
=Z(mE-2 4.81
p=mE L) (4.81)

For g = 1, this is exactly the correct form of the pressure for a thermohydrodynamic

fluid.

4.7 Thermohydrodynamic Sound Speed Measure-
ments

In this section we consider the linear response of a multispeed lattice gas to a macro-
scopic perturbation of the density field. The macroscopic equations of motion are
(4.44), respectively

dp+d(pv) = 0

E 2
9(pv;) + 9i(gpuiv;) = —c0; ( — — 9 )+/JV<92U..~

where n = p/m has been used. It is sufficient to treat a macroscopic density pertur-
bation on a resting equilibrium state where p is uniform and constant, v = 0, and the
energy L' is constant. Then an e-expansion of the dynamical variables is
v = ey (4‘82)
p = po+eo, (4.83)

where the small fluctuating parts of the velocity and density are denoted u and p,

respectively. Consequently, the linear response equations are

Jo = —poa-u,- (4.84)
Py = —1—=c20;0 + por,02u; (4.85)
Fm c2
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Then, applying d; to the continuity equation and &; to the Navier-Stokes equation

allows us to eliminate u; and to obtain the following second-order equation in p

0o = 9%+ 1,0%d,0.

%mc2
In an inviscid fluid (v = 0), p would satisfy the wave equation
0 = poexp (—iwt + ik - ’E‘) .

Given a non-zero perturbation, ¢ can be Fourier expanded

o= /dwdks pexp (——-iwt + ik - i‘)

(4.86)

(4.87)

(4.88)

and we can replace p with ¢ by taking 9, —» —iw and ; — ik;. Equation (4.86)

becomes

—w?p= —kQC_ff’@ + twik?p.

where the thermal sound speed is defined as

CsEcs\l—E— 2b

%mc2 mD’

Dividing out 9 gives a quadratic equation for w

w\2 wk? fw 9
(Z;,—s) +ZT’S' <E’s')—1\, =0.

The dispersion relation for w(k) is then

, l v2k2 v, o
w=xCk 1+40S2 —z—2—k.

In the long wavelength limit, (4.92) reduces to linear sound speed dispersion

w = +Ck.
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The imaginary part of the dispersion relation (4.92), will cause damping in the sound
wave.

A simple numerical experiment to test the lattice gas thermohydrodynamic equa-
tions (4.46,(4.52), and (4.53) of §4.4 is to measure the sound speed as a function of
temperature.? To numerically measure the sound speed of a fluid a rest, it is con-
venient to set up a sinusoidal density perturbation of a given wavelength. Such a
perturbation will give rise to a standing wave whose amplitude fluctuation is easily
measured and provides a direct means for measuring the sound speed for a gas with
a given density and energy.

A preliminary test has been conducted for a 13-bit 3-speed lattice gas. The lattice
size is chosen to be 1024x512 and the perturbation is chosen to have a wavelength
of A = 512. The density variation occurs along the narrow channel direction so

that one full period of the standing wave exists on a toroidal space. For each of the

2Since the lattice gas has a factor g due to the discreteness of space, the Navier-Stokes equation
must be rescaled to have the correct form. This may be done by rescaling time and viscosity[41]

t
¢ o L 4.94
; (4.99)
v o gy (4.95)

Then the Navier-Stokes equation (4.45) for constant density becomes
2 r ., 2
9p0w; + pgd;(viv;) = —pdi\"E ~ 5p9v" | +gnd’ui. (4.96)
allowing us to identify a scaled pressure

p— ;—25 (nE-— %pgvz) . (4.97)

Since one would like to write p = mn (C*)?, in a reference frame where the fluid is at rest, then

2E

1
cr/ - —_—
s gmD /g

C,. (4.98)
This is a rescaled sound speed in the Galilean invariant frame of reference.
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Figure 4.1: Hydrothermal CAM-8 Sound Wave Experiment: Standing wave density profile for a
13-bit 3-speed lattice gas, d = 0.5, 5 percent amplitude perturbation, A = 512.

512 channel positions an average density can be obtained by summing over 1024 data
points. Although the density can be integrated in this way, because of the fluctuations

in the lattice gas, the resulting average versus channel position is noisy.

Figure 4.1 shows the integrated standing wave density profile after the wave has
oscillated many times. At small time intervals, the first Fourier harmonic is measured
by multiplying the density profile by its initial sinusoidal envelope. The fluctuation
of this first component will smoothly oscillate with a frequency of £ (see Figure 4.2).
Several measurements were made for a fluid at density, d = 0.5, for a range of energies,
E =0.25,0.26,...,0.36. This is the full range of energies available at this density. The
resulting sound speed data are presented in Figure 4.3. Viscous damping becomes
higher with increasing energy in accordance with the predicted dispersion relation
(4.92). This implies that the kinematic viscosity, v,, is strongly energy depencent and

increases as the system temperature is raised. This can be qualitatively understood as
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follows by considering the 13-bit 3-speed lattice gas. At high energy filling fractions,
the population of the fast moving particles increases, thereby reducing the chance of
energy mixing collisions. Without these energy mixing collisions, particles can more
readily diffuse throughout the fluid, so the mean-free-path, )\, increases. F urthermore,
the sound speed increases with temperature; C; o vE. These two factors both

contribute to the increase of the fluid’s kinematic viscosity since v, ~ C.

4.8 Rayleigh-Bénard Convection on the CAM-8

A well known fluid instability of a thermohydrodynamic system is Rayleigh-Bénard
convection[70, 30]. Rayleigh-Bénard convection is a popular experiment because one
can observe the onset of order and then the transition to chaos in the flow patterns
[21, 6].

Here the implementation of the two-speed hexgonal lattice gas with a rest particle,
includes gravitational forcing, free-slip and no-slip boundaries that may be oriented
horizontally, vertically, or inclined £60°, and heating and cooling sites to model
temperature controlled boundary surfaces. This has been encoded within the site
data space of 16-bits per site for simple implementation on the CAM-8. The ability
to encode such complex dynamics within 16-bits is one of the remarkable aspects of
the lattice gas formalism in terms of efficient memory use, affording us the ability to
do flash updating from prestored collision tables. Of the 216 collision table entries, 98
percent are used (that is, are not identity entries) in this model. Similar lattice gas
models have been implemented by Burges and Zaleski [20], by Chen et al. [27], and
by Ernst and Das [35].

'To optimize the collision frequency between the fast and slow particles, following
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Chen [27] their momenta are chosen to be of unit value. That is, the slow particles
have unit mass, m; = 1 and the fast particles have half the mass, my = 1/2. In this
way, p; = pp = 1 and their energies are Ey =1 and Fy = 2. With this convention
we have the usual FHP-type collisions [42] between the different speed particles while
conserving mass, momentum, and energy. These include head-on 2-body collisions,

three-body collisions, collisions with spectators, etc.
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Figure 4.2: Hydrothermal CAM-8 Sound Wave Experiment: Sound wave damping. Oscillations
of a standing wave amplitude versus time at d = 0.5 for several energies ranging from 0.25 to 0.36
with a 1024 x 512 lattice size in a simple 13-bit 3-speed model.

124




21 T T T T T T
CAM-8 Data +—

sound speed = 512/T

16 - s 1 L L 1

“0.25 0.26 0.27 0.28 0.29 03 0.31 032

Figure 4.3: Hydrothermal CAM-8 Sound Wave Experiment: Sound versus energy derived from
standing waves at d = 0.5 for several energies ranging from 0.25 to 0.32 in a simple 13-bit 3-speed
lattice gas model.

!

\
|
i
|
i
i
¢
i
i
:

N

|
Vg
Y
L
! i
/ i
/ i
! i
4 i
‘
v
1

\

\

!

!

!

!

N
B e e o o e e e o

Gravity

SN s e e ey,

N
X
t
t
t
1
*
1
*
’

I R e I B S TS TGN
e e e e e e e TSN
A e e Y
A
Vv N e e e e e e e,

D T
e e e e .

Ch e m e s e e .-
LN
e e e . e e ..

.
D U NN Y

E
P T
1 4 e e s e e wmn v
PR T R T Y

Figure 4.4: Hydrothermal CAM-8 Experiment: Rayleigh-Bénard convection cells at the onset of
convection where rolls are first observed in a simple 13-bit 3-speed lattice gas model. Lattice Size:
2048 x 1024. Time Average: 100. Spatial Average: 64 x 64. Mass Density Fraction=1/5. Data
presented at 50,000 time steps.
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Chapter 5

Integer Lattice Gases (L > 1)

Two discrete models for fluid dynamics are the lattice gas automaton (LGA) and
lattice-Boltzmann equation (LBE). Each has its own advantages and disadvantages
for modeling complex fluids on parallel computers. I have explored a new discrete
approach, an integer lattice gas, that retains the best features of both [17]. An integer
lattice gas uses L > 1 bits in binary encoded fashion to represent the particle count in
each momentum state of the spatial lattice (in the special case of L = 1 the method
reduces to LGA). Like the LGA, the integer method: (1) is exactly computed on
a discrete spacetime lattice (all the additive conserved quantities, e.g. mass and
momentum, are kept strictly fixed during the entire coarse of the calculation—there
is no numerical round-off error); (2) microscopically obeys semi-detailed balance; (3)
has a mesoscopic limit defined by ensemble averaging; and (4) acts like a fluid in the
continuum macroscopic limit (the usual Chapman-Enskog expansion is performed)
. Like the LBE, the integer method: (1) recovers the correct fluid equations, with
full Galilean invariance; (2) achieves a reduction in viscosity; and (3) achieves a
considerable noise reduction. Numerical experiments were carried out on parallel

computers (CAM-8, CM-5, SI>-2) to verify the theoretical analysis of the integer
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lattice gas.

LGA has exact conservations, obeys semi-detailed balance, is unconditionally sta-
ble, and provides an eligible computer architecture. In LGA, a single bit is used to
represent each particle momentum state in a crystallographic spatial lattice. Since
the dynamics is computed on the “microscopic” level, the single particle distribution
probabilities at the “mesoscopic” level are defined by ensemble averaging. Allocat-
ing a bit for every particle momentum state limits the LGA fluid dynamics to low
Reynolds numbers. Additionally, there are discretization artifacts, including in par-

ticular, a lack of Galilean invariance.

In an effort to repair these problems, in particular to obtain high Reynolds num-
bers and to recover Galilean invariance, the LBE approach was born. Here one uses
floating point numbers to directly represent the mesoscopic particle probability dis-
tribution function in the Boltzmann equation and one typically uses the Bhatnager-
Gross-Krook approximation to model the collision operator, though this is prone to
numerical instabilities. So, as a trade-off to avoid computing any microscopic de-
tails, LBE gaves up semi-detailed balance and consequently unconditional stability,

a problem typical of finite-difference methods.

The integer lattice gas is an alternate route to avoid these problems encountered
in LGA and LBE. Since the particle distribution function is known in closed form,
a theoretical analysis of the integer lattice gas is possible, and in fact many results
obtained in the L = 1 case follow in the expected fashion for L > 1, (e.g. calculation
of the kinematic viscosity presented below). Just as the LGA fluid model has been
extended to model complex fluids, such as multiphase and immiscible fluids, the

integer lattice gas likewise can be extended to model complex fluids. So the lessons
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bit2— [ 4m
bit1— [ |2m
bit0—[_|m
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X

Figure 5.1: Binary exponential encoding and bit layout for an integer lattice gas with L bits per
momentum state.

learned for the L = 1 case will apply when multiple bits are used to encode the

particle occupancies.

5.1 Microdynamics

In the integer lattice gas L bits per site are used in a binary exponential encoding
where the least significant bit represents a single particle of mass, m, the next signifi-
cant bit represents two particles, and the most significant bit represents 2~ particles,
as indicated in Figure 5.1. Now, two indices are used on all variables-the first index
is the directional index for the particle’s momentum state, and the second index is

the bit index. Note that as usual, the first index is taken modulo B, for example

Nal = Nnodg(a)l - (51)

Therefore, the total particle count in a momentum state is obtained by summing

129




over channel bits where the I**-occupation variable is weighted by 2 as follows
L1
ng =Y. 2'ng. (5.2)
1=0
Similarly, the collision operator for the total particle count is defined by

L-1
Q=) 2. (5.3)
1=0

The local microdynamics consist of collision and streaming phases as usual in lattice

gas dynamics. The collisional phase reorders the particle counts locally at each site

Ny (Z,1) = na(, t) + QulR(T, 1)), (5.4)

—

and in the streaming phase the particle counts at & “hop” to the neighboring site at

T + €é, and time is incremented by 7
Nal (T+ béq,t + T) = Nal (i‘" t) (55)

Combining these two equations and summing over the bit index, the particle counts

obey the usual lattice gas equation:
N (T + Ceq,t + 7) = no(Z, 1) + Q[7A(T, 1)) (5.6)
This is identical to (2.23) for the L = 1 case.

5.2 Mesodynamics

5.2.1 Equilibrium Distribution

The probability of having a bit occupied in an integer lattice gas satisfying semi-

detailed balance is still determined by ensemble averaging and must have the form
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of a Fermi-Dirac distribution. Since the [*-bit denotes a particle of mass 2'm, the

Fermi-Dirac distribution is

1

Jai = (na(x)) = exp (—2!m(a + cfieq)) +1° (5.7)

As usual one may define the mass density in terms of a sum over the ensemble average

of occupation variables

B L-1 B
pla) = 3. ¥ mina(e)) = . m(na(2)), (5.8)
a=1 =0 a=1
and similarly for the momentum density
B L-1 B
p(@)vi(x) = D Y 2'meesi(na(z)) = Y meeai(na(z)). (5.9)
a=1 /=0 ) a=1

An interesting consequence of binary exponential encoding is that a closed form
solution for the equilibrium distribution of the total channel counts is obtained, which
of course in not the Fermi-Dirac distribution. For convenience, let us write the dis-

tribution function for the individual particles in terms of the fugacity as follows

1

T (5.10)

fnl(za) =

The definition of the fugacity is identical to (2.161) for the L = 1 case presented
above

2q = exp (ma + mef3 - é,,) . _(5.11)

The probability of having a particular total channel count must be determined by a

weighted sum of L Fermi-Dirac distributions as follows

Yo 2 fai(2a) (5.12)

faL(Za) = —
o 2
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Fractional Occupation

0 05 1 15 2
Fugacity

Figure 5.2: Fractional occupation versus fugacity for an integer lattice gas for L = 1 to L = 10.
At high values of L the distribution becomes a step function.

It is worthwhile to find a closed form expansion for (5.12). Using (5.10) with some

mathematical manipulations allows us to rewrite the argument of the sum as follows

1 L—1 21 21+1
far(2a) = 5T 1 IE_;) (3_2, — T T 1) . (5.13)

Now this finite telescoping series (5.13) for the probability of a channel count has the

following closed form sum

1 1 2L
faL(za) = 9L _ (Zﬂ_l 1 + 20_2[, — 1) . (514)

This distribution is plotted in Figure 5.2 for several values of L from L =1 to L = 10.
A quite interesting alternative way to directly arrive at (5.14) is to make use of some
reasoning from statistical mechanics. This alternative approach is presented in the
following section and sheds light on the behavior of the integer lattice gas equilibrium

distribution function.
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5.2.2 Boltzmann Equation

A collision state, denoted by s, at some site of the lattice has B X L bits. We write

the collision state as a vector
s = (nl,ﬂa sesiBo sy 3 M p-1y- - 1nB,L—1)- (515)

The probability in the Boltzmann limit for a site of the lattice being in this configu-

ration can be written as usual in factorized form as

L—

Fur (U= fa)t 7 (5.16)
0

[y

B
r=1l
a=1 I=

We define the mean field collision operator, in the mean-field limit, in the usual
fashion in terms of the Boltzmann probability

Qrt =S (nly — na)P(s, ). (5.17)
We write the distribution function in series with diffusive ordering in €% ~ €2 ~ 7 as
is usual in a Chapman-Enskog expansion: f, = fO4¢ f) 4 ... We then make a

linear approximation by Taylor expanding the mean field collision operator
N M)
Onf S Japhy - (5.18)
b=1

where the Jacobian of the collision operator must now be determined using the chain

rule as follows
o= 5 O 0fin/ 02
Jalh = af(,m (')f,,/azb .

m=0

(5.19)

Note that the partial derivative %{};ﬂ is determined by taking a ratio of derivatives of
the numerator and denominator with respect to the fugacity z;,. This is mathemat-

ically convenient because one knows the analytical form of the distribution function
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in terms of the fugacity using (5.10). The Boltzmann equation to order £2 is the
following
2

¢ 1 B L-1
Oy fo + caiOfo + 57 Cai€ai0idifo = — S HYS 2. (5.20)
b=1 1=0

Jas

"This is the expected mesoscopic transport equation so long as the following definition

holds
L-1

Jan =Y 2 Jup (5.21)
=0

From this lattice Boltzmann equation the continuum equations are determined by
expressing the distribution function in terms of the macroscopic variables of mass

density and momentum density.

5.2.3 Chapman-Enskog Expansion

In a fashion identical to the analysis carried out in §2.4.1, for an integer lattice gas
the equilibrium probability for finding particles in momentum state mece,; at position
Z at time t is given by

£ = farlza) (5.22)

whose closed analytical form is written above in (5.14). This is the essential difference
from the L = 1 case presented in Chapter 2; that is, the form of the distribution
function is no longer Fermi-Dirac. Otherwise, all the calculations carried out for the
L =1 case carry over directly to the L > 1 case treated here. The fugacity is defined
as

Zo = exp [m(a® + cal'ey)] . (5.23)

Note that o and o are functions of p(&,t) and v;(%,t), as will be shown below. It is

straightforward to do a Taylor expansion of the fugacity about z° = exp(ma®), which
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gives the subsonic limit expansion
1
Ze=2° (1 + meale, + §m202a"a“€m€a] +- ) . (5.24)

Inserting the deviation in the fugacity éz = z, — 2° into a Taylor expansion of f{0

about z° then gives

! 1 ]
FO = far(2°) + far(2°)02 + —faL(Z")éz2 + e (5.25)
= fnL [ aL] mca ‘eqi +
3 [zfaL + 22 faL]z o m2cza“a’]‘eme,,J +

o) (5.26)

Inserting (5.26) into the first moment (2.105) and second moment (2.106) of f{* gives

the following expressions for the particle density

m3cB
2D

p=mBfu(z°) + [efar + 22 far) __ (@) (6-27)

z=2°

and the momentum density

7712623 [7 ] ot
al] =20

pri =2 (5.28)

1 ?

respectively. Manipulating (5.27) and (5.28) allows us to solve for o and then far(z°)

o Dd? [zfo, + 2% far
far () = d = = [ CTL R (5.29)

where the reduced density d = -£; is used. Therefore it is possible to express the

equilibrium particle distribution as an expansion in p and v; by inserting (5.28) and
(5.29) into (5.26) to obtain the desired result for the subsonic expansion about the
fluid’s equilibrium density fur,(z°) = d:

D(D+ 2)

D
ff;,)( a)=d (1 + — Caili + g —————Quaijviv ) + 0% (6.30)
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Figure 5.3: Galilean factor versus fractional occupation for an integer lattice gas for L = 1 to
L = 10 for D = 2 dimensions. At high values of L the g-factor flattens and approaches a value of

2D . ”
D13 at low densities.

where the following identifications are made

0 (5.31)

Qaij = €qi€aj — D

and Galilean prefactor

d D [zf, - 2f
_ : AN 5.32
N=r1D+2 [ (zf1)?* .- o

5.2.4 First Correction to the Equilibrium Distribution

We can obtain the mean field collision operator along channel a by summing (5.18)

over all particle masses as follows

2L_1 B
Q=3 olam =S, 510 (5.33)
=0 b=1
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where (5.21) has been used. As in the L = 1 case (2.171) the same propagation

equation for L > 1 holds true
Q(f) = Legi; f1O + O(?). (5.34)
Equating our expressions for the mean field collision operator, (5.33) and (5.34)
Z (1) (0)
Z Jabf[, (Z(,) = eaiaif[, (za)’ (535)
b=1
the first order correction to the equilibrium distribution function is obtained
B
F) (24) =d7D Y J 3 erieniBiv;. (5.36)
b=1

Using the J-theorem (2.175) we write the distribution function to order € as

D D(D+2 D
fL (Za) =d+ d—é-e,,;v; + dgL'_(Egi——)Qm'jU.;’Uj - d/\?eaieaia,-vj (537)
where the eigenvalue A is given by
—¢

A (5.38)

" S Jaalla @)
It is quite remarkable that this expression for the distribution function (5.37) is iden-
tical to that given for the L = 1 case in (2.187) provided the prefactor is replaced
(9 = g1). The Galilean prefactor g, is plotted in Figure 5.3 for L =1 up to L = 10.
Galilean invariance is recovered exactly in two dimensions for low densities at large
L values, since 2D /(D + 2) = 1 for D=2. In three dimensions, particular densities
give g, = 1, since 2D/(D + 2) > 1 for D=3.

Remark:

A critical value of d. ~ 0.1 is observed were g;, becomes flat for large L values. This

is a kind of symmetry breaking in the Galilean invariance that occurs for an integer
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Table 5.1: All terms of the grand partition function for a simple integer lattice gas (B=1,V =2,
L=2)
N {n} Degeneracy z-factor

6 {3,3] 1 P

5 {2,3) 2 225

1 {2,9) 1 320
(3,1} 2

3 {2,1) 2 i’
(3,0} 2

2 (2,0} 2 322
{1,1} 1

T {1,0) 2 221

0 {0,0} 1 1

lattice gas. The fact that Galilean invariance is recovered at low densities is con-
sistent with the earlier observation that the integer lattice gas becomes identically a
Bose-Einstein lattice gas at large L and low densities. The critical value d. ~ 0.1
occurs at fractional occupations where the integer distribution function departs from

the Bose-Einstein distribution function. See Figure 5.5.

5.2.5 Statistical Mechanics

The results for the integer lattice gas system contained in the subsection entitled
“Bose-Einstein Statistics” and in the subsection entitled “Galilean Invariance” of this
section §5.2.5 are fascinating. The L — oo case is treated, and it is shown that the

system obeys Bose-Einstein statistics. In expression (2.91), summing over all possible
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configurations will give all possible polynomials with unit coeflicients in the fugacity.!
Therefore, (2.91) can be simplified by doing a binary count over all integer powers of

the fugacity by exchanging the sum and product as follows

==1I 3 = (5.39)

This is the most compact and useful form of the grand partition function. Notice
that in (5.39) the exponent is now independent of a since we are directly counting
all integer powers of the fugacity going from the empty system n = 0 up to the
completely filled system at n = 2F — 1.

The grand partition function can then be re-expressed as

2L—1
g =11 Zoz;‘
L-1 1 .
= I1II>=2" (5.40)
ra |=0 n=0
L-1 .
= TITI (1+:%). (5.41)
za |=0)

1As a concrete example consider an integer lattice gas with B = 1, V = 2, and L = 2. For
simplicity consider a system at rest with ¥; = 0. The Hamiltonian and total density are

H= ZE’n(:i") Pror = Zmn(i).

The fugacity is z = exp(—3E + pym). Summing the z-factors from Table 5.1 in the text above, the
grand partition function is

= - SO
{n} =
1422 4+322 +422 + 322 +22° + 25 = (1 + 2 + 22 + 2°)?

n=0 z n=0

This simple example shows how the sum and product are to be interchanged.
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Note that in the second line above the sum E o' was written as [J-! ©°1_,. In the
present case, base two is the correct choice, however this type of re-expression of the

sum can be accomplished in any base.? The logarithm of the grand partition function

is
L—1 ,
log=Z =33 log(1+2%). (5.42)
ra =0
Since 02,/08 = —E,z,, then expected energy is
alogu Lol gl
(E) = =) Z T 2, . (5.43)
za [=()
The expected energy is also
(E) =) Fy(z)E, (5.44)
so the distribution is immediately identified
) L=l ol
Fr(ze) = a_ (5.45)
=1+ z22

'This is a sum over Fermi-Dirac functions where the I**-level is exponentially weighted

2As a concrete example note that

2% -1
o2t = 142+ 42 45 40 4T
n=0
= (1+2)(1+2%)(1+2")
3 31
= H(l+22')=HZzzl"
=0 =0 n=0
321
ZZ" = 1422428 4+21+25+28 427428
n=0

= (1+z+z2)(1+z3+26)

= H(l +22 42892 = H Z A

=0 n=0
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by 2'. Consider the identity for a finite geometric series

Nz_lm": 1—x

n=0 11—

"’ (5.46)

for any x. Using this identity, the grand partition function (5.39) can be written as

2L—1
==X
ra n=
1- 22
= Hl__i;a_ (5.47)

Note that since z, is not a function of z, the grand partition function sums to the

following closed analytical form

1-22\"
z=T] (=% ) . (5.48)
T\ 1—2z
— log= =Y [log (1 +22) —log (1 +2)] . (5.49)
Since 0z,/08 = —E,z,, then
dlog= Za 2Lz§L
_—5[_3——_;(1—2,,-1+sz E,. (5.50)
The expected energy is then
810 =
(B) = =55 = L Ii(2) (5.51)
where the distribution is immediately identified
1 2L
Fr(z,) = — (5.52)

el =1 272 41
This is a closed form analytic expression for the distribution function.? The results of
this section have been worked out elsewhere [17] but are included here for complete-

ness to aid in the subsequent development. The fractional occupation is obtained

3Equating the result (5.45) with (5.52), we find the following identity

&2 1 2t
T e (5.53)
1=0 za 2a -1 +1
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from (5.52) by dividing by the maximum number of particles per channel which is

2L — 1 so that

fr(za) 251_1<z1 2 ) (5.55)

SI-1 4
This is identical to (5.14).
Fermi-Dirac Statistics (L = 1 Limit)

Consider a single-speed L = 1 lattice gas. It is quite simple to check the single particle

distribution is the Fermi-Dirac function, (2.97), by evaluating Fy at L = 1

A6 = i pic) 59
L

- %l—rﬂ (z—ll_ 1 2—2% T 1) (5.57)

- z—ll— 1 z*‘22+ 1 (5.58)

- 2—11+ 1 (5.59)

Q.E.D.

Bose-Einstein Statistics

Consider a single speed L = oo integer lattice gas. In this case the grand partition
function can be straighforwardly calculated. To begin with, one may derive, in the

usual fashion of the statistical mechanics for a system of bosonic particles, the grand

This is expected since the L.H.S. can be written as a telescoping series

-1 | I+1
2! 2 2
1+23’ =2 (2-2' T1 1) . (5:54)

142




partition function as follows

o0
= = HZZZ,‘

za n=0

1
= (5.60)
1;;!: 1—2z,
- 1
—  logZ =Z:log,(1 — ) (5.61)
Since 9z,/08 = —Eq42,, then
dlog= Za
e %: T E.. (5.62)
The expected energy is then
dlog=
(E) = o5 = ; Fo(2)E,, (5.63)
where the Bose-Einstein distribution is immediately identified
1

This is a well known result. The Bose-Einstein distribution function is plotted versus
occupation number in Figure 5.4. This function diverges for unit fugacity.
It is possible to obtain the Bose-Einstein distribution (5.64) by taking the L = oo

limit of the integer lattice gas distribution function (5.52) as follows

Fo(z) = lim Fr(z) (5.65)

Lo

= lim( ! 2" ) (5.66)

Lo \z-1—1 272" 41

1 .okt

2T —1 Lo+ 2% (5.67)

The first term on the R.H.S. is the Bose-Einstein function and the second term van-

ishes. To see why this is indeed the case, let us examine the limits of the numerator
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Figure 5.4: Occupation number versus fugacity for a Bose-Einstein lattice gas.

and denominator separately. For the case when z > 1 the Bose-Einstein function
diverges (in fact in the first derivation of the Bose-Einstein distribution (5.64), the
geometric series is only finite in the case of z < 1). Consider the situation where

z < 1. Making a variable substitution m = 2, the limit of the numerator is

lim 2022 = lim — =2 (5.68)
Lo m—oo z—m 00’

which is indeterminate. Therefore, we can use L’Hospital’s rule to evaluate this

1 1
lim —— = — - = =0 (5.69)
m=00 2= JiMgy a0 2 M logz 00

The limit of the denominator is simply unity

. L . m
ngxolo(uz? )= lim (1+27)=1. (5.70)
Then
A A |
ngx;o i 0. (5.71)
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Therefore

(5.72)

This is the expected result.?

To understand the limiting behavior of the integer lattice gas versus a Bose-
Einstein lattice gas it is sufficient to graphically plot their respective distribution
functions for several different values of L. To make the comparison it is necessary

that the Bose-Einstein fractional occupation is defined as

fo(2) = 2L1_1 (2-11_ 1) : (5.73)

A plot of the Bose-Einstein fractional occupation (5.73) for several values of L is
plotted in Figure 5.5. For comparison purposes, the the integer lattice gas fractional
occupation (5.14) is overplotted. The two distribution functions (5.73) and (5.14)
become identical for large L values. It is clear from Figure 5.5 that for practical
purposes an L = 16 integer lattice gas®, for example, would be a very good model of

a Bose-Einstein lattice gas.®

1The identity that a weighted Fermi-Dirac series of rational fractions converges to the Bose-
Einstein distribution is known, see identity 1.121.2 on page 22 of Gradshteyn and Ryzhik [43]: for
2
z° <1,

1 - 2
m—1=‘=20x2‘+1'

57, = 16 is a convenient choice for a computer implementation since two-byte integers can be
used to encode the momentum states.

$The local collision operator for an L = 24 integer lattice gas has been implemented by a polytope
acceptance-rejection technique [17].
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Figure 5.5: Fractional occupation versus fugacity for a Bose-Einstein lattice gas and an integer
lattice gas in D = 2 dimensions ranging from L = 8,...,12. The two distribution functions become

identical at large L values.

Galilean Invariance

It is straightforward to calculate the Galilean prefactor for the Bose-Einstein lattice
gas. We will need the first and second derivatives of F(z) with respect to the

fugacity. These derivatives are

1
F = —_— 5.74
2
F! (z — 7
Then the Galilean prefactor as a function of the fugacity is
D [zF' + 22F" D
wol2) = Foo = 2= 1 . 5.7
9eo(2) 'D+2[ (zFL)? J D3t (5.76)

A parametric plot of the Galilean prefactor, gy (z), versus the occupation number,

Feo(z), using the fugacity as the parameter is given in Figure 5.6. The Galilean
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Figure 5.6: Galilean prefactor versus occupation number for a Bose-Einstein lattice gas in D =2
dimensions. Galilean invariance emerges for large occupation numbers.

prefactor becomes a constant at high occupations, which occurs at 2 = 1 since the

distribution function is singular there

1 o = ———. 5.77
lim goo = 55 (5.77)

In two-dimensions (D = 2) the Galilean prefactor becomes unity and invariance is

recovered in the macroscopic limit in the sense that the dynamics is identical in all

moving frames of reference.

5.3 Macrodynamics

This section on the macroscopic dynamical behavior of the integer lattice gas closely
parallels the treatment presented for the L = 1 case of §2.5. Therefore in this section
I will give just an abridged version of the macroscopic analysis.

The macroscopic equations of motion are determined from mass conservation (con-
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tinuity equation)

8,/) + 6,~(pu,~) =0 (578)

and momentum conservation (Euler’s equation)

3,(/)’0,') + 8jH;,~ =0. (5.79)
The momentum flux density is

p 4
Hij = p&,-j + grLpvv; — ()\ b —)ij.,-. (580)
With sound speed ¢, = 725, the pressure is
2 v?
p=pc; (1 - ch—Q) : (5.81)

Inserting (5.80) into Euler’s equation (5.79), the Navier-Stokes equation for viscous

incompressible flow emerges

po; + g, pr;0v; = —8;p + n0%v;, (5.82)
with shear viscosity
pc £
= A—=]. 5.83
T=D12 ( 2) (5.83)

This completes the analysis of the integer lattice gas.
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Chapter 6

The Simplest Integer Lattice Gas
(L=2)

6.1 Introduction

The simplest integer lattice gas is an L = 2 model in two dimensions on the triangu-
lar lattice with lattice coordination number B = 6. With two bits per channel, one
can encode up to three particles in each momentum state so there can be up to 18
particles per site. The total number of on-site particle configurations is 2BL = 4096.
The number of equivalence classes is 1097, with 693 containing more than one mem-
ber and with 404 trivial equivalence classes containing only a single member. Of
the 693 contributing equivalence classes, 128 are independent modulo the isometries
of the triangular lattice. That is, the total momentum vectors of the contributing
equivalence classes all reside in an angular sector ranging from 0 to 27;'- radians. The
number of independent equivalence classes is further reduced by the constraint of
particle-hole symmetry. I provide a complete list of all the independent equivalence
classes for the L = 2 integer lattice gas (see Appendix E). There are 71 such equiva-

lence classes enumerated below ranging from two particles per site up to half-filling,
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or nine particles per site. The largest equivalence class has 18 members. For a two
dimensional isothermal fluid, there are three additive conserved quantities that are
invariant with respect to the dynamics. These are the mass, m, and two components
of the momentum, p, and p,. Letting Ng denote the number of members contained .

in an equivalence class, each equivalence class is specified in the following fashion

V3
{NEC’I’nv?p:N'?py’\{nOvnla s anB}a ceey {nOanla R 771‘3}1}

Nge-number of members

L=2 Integer Lattice Gas
Four Element Equivalance Class

m=8 p,=3 py= —4n3

| 1 2
2 2
3 2 2
1 1
1 3 1 3
3 1 2

Figure 6.1: An example equivalence class for an L = 2 integer lattice gas for D = 2 and B = 6
that has eight particles and nonzero momentum components.

As an example of this notation, consider the FHP lattice lattice gas described in

Chapter 3. With only two-body and three-body symmetric collisions, the FHI? lattice
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gas uses only two equivalence classes each with zero momentum
{3,2,0,0,{0,0,1,0,0,1},{0,1,0,0,1,0}, {1,0,0,1,0,0}},

{2,3,0,0,{0,1,0,1,0,1},{1,0,1,0,1,0}}.

This collision set is depicted in Figure 3.2 of §3.2.2, and is a subset of the full collision
set for the L = 2 generalization presented here. Using the same notational format,
the list given in Appendix E defines the full collision set for the L = 2 integer lattice
gas. Here, for illustrative purposes, consider the following four-element equivalent
class which is only one of the equivalence classes of the L = 2 integer lattice gas
for D = 2 and B = 6 presented in the appendix. This equivalence class has eight

particles with nozero x and y components for the total momentum at a site:
{4,8,6,2,{2,1,1,0,1,3},{2,2,0,0,2,2},{3,0,1,1,0,3},{3,1,0,1, 1,2} }.

This equivalence class is depicted in Figure 6.1. In an implementation of this collision
table on the CAM-8 prototype, a uniform transition matrix is used of the type given
in §2.1.3. That is, the probability of a member of a particular equivalence class tran-
sitioning to another configuration within that equivalence class is chosen randomly
and uniformly. So the transition probability equals the inverse of the size of the
equivalence class: 'Iﬁ The model therefore satisfies detailed balance. Furthermore,
an auxiliary local rule is used to generate random numbers in a reversible fashion.
The update procedure for a local collision is carried out as follows. The local state
is examined and its mass and momentum are computed to determine its equivalence
class. A precomputed table is read that provides the size of the equivalence class.

The local random number is then taken modulo the equivalence class size minus one
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to choose another member of the equivalence class to replace the current local con-
figuration. With a reversible random number generator, all the integer lattice gas
dynamics in turn remain reversible.
Remark:
A quite interesting and natural property of this computational construction is that on
the one hand the transition matriz describes a statistical detailed balance process while
on the other hand the actual computer implementation of the integer lattice gas is in
fact absolutely reversible and deterministic.

The reversibility of the model was demonstrated on the CAM-8 prototype as
is customarily done to check the comsistency of the computer implementation. A
more complete description of the computer implementation of this integer lattice gas,

applicable to the workstation or the CAM-8, is given in Appendix E.

6.2 A Numerical Test of the Kinematic Shear
Viscosity

In this section I wish to demonstrate the consistency of mean-field analysis of the
integer lattice gas given in the previous chapter using the L = 2 integer lattice gas by
comparing the theoretical prediction of the kinematic shear viscosity with numerically
measured values of the shear viscosity. First of all, it is necessary to determine an
explicit expression for the kinematic viscosity for the particular L = 2 collision set
provided earlier in this chapter. We begin by inserting (5.17) into (5.19) to allow us

to write the Jacobian of the collision operator in terms of the fugacity as follows

, OP(5,5) 0fim]/D
Tan(z) = 3 (n —na) 37 35;51,:) szl/gzib

ss’ m
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= ~F’ na)np (s, )
L ss!
1 1—2\B
T ZF (1 - z”) 2_(mg = na)my2", (6.1)

where p = p(s) is the total particle count in collision s — s'. Therefore, Jay(2) is
specified in terms of a complex rational polynomial function of the fugacity. Inserting

(5.38) into (5.83) the kinematic viscosity » = Z in turn is known as a function of the

fugacity
7 1 -1 1
=1. 6.
&)= Thre (z Tas(2)(Ea - )2 2) (62)
Inserting (6.1) this can be rewritten as
o) = 21 [f1-2"\° —2F! 1 63
2 -=1. .
TD+2 1—-z Sab Do (M — ng)Np2P(Eq - 6)2 2

Using the full collision set given in the previous section, the sum over collision events

in the denominator of the above expression will be a 16*"-order polynomial® in z

3 (0]~ na)ne”(éa - )2 = —627 — 542° — 21927 — 571.285714z° — 1086.92°
ab ss’
—1688.68351627 — 2218.6519482F — 24662°
—9918.6519482!° — 1688.683516z!! — 1086.92!2

—571.28571421% — 219214 — 54215 — 6216, (6.4)

Note that the coefficients are symmetric about half-filling, z%. For an L = 2 integer

lattice gas the fractional occupation as a function of the fugacity is

. 4
fr=2(2) = % (1 :z - ]%24) . (6.5)

1The lowest order non-zero coefficient will be quadratic corresponding to two-body collisions and
likewise because of particle-hole symmetry the highest order non-zero coefficient will be (2¥-1)B-
2 = 16, corresponding to the collision of two holes.
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Therefore, it is straightforward to plot the kinematic viscosity v(z) as a function of
the fractional occupation f(z) parametrically in the fugacity (see the solid curve in
Figure 6.3).

‘The numerical data overplotted in Figure 6.3 was computed on the CAM-8 pro-
totype. A numerical simulation of the L = 2 integer lattice gas was carried out on a
512 x 512 space. A sinusoidal velocity profile with wavelength equaling the size of the
space is used as an initial condition for a range of densities from d = 0.1 up to d = 0.9
in steps of Ad = 0.05. The resulting Navier-Stokes dynamics causes an exponential
decay of the velocity sinusoid by viscous damping. A similar numerical experiment
was carried out for the usual L = 1 case; see Method 2 of §3.3.1. On a log-linear
plot the decay of the amplitude of the sinusoidal profile is extremely linear (see Fig-
ure 6.2) and gives an accurate measurement of the decay time constant which equals
k?v. Consequently, this allows us to determine the kinematic viscosity » numerically
in a straightforward manner. The comparison of the mean-field theory and numerical
experiment is quite good for medium densities, as can be seen in Figure 6.3. The
departure of theory from experiment at low and high densities is typical for this kind
of comparison and also exists for an L = 1 lattice gas. However the departure for the
L = 2 lattice gas is greater than expected and perhaps is due to correlations that are

neglected in the mean-field calculation.

6.3 Channel Sampling Algorithm

I have implemented a two-dimensional L = 4 integer lattice-gas on a triangular lattice.
In this case the number of collision configurations is 24%% = 16m. This is small enough

to store in a lookup table format so that the full collision set is implemented as in the
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Figure 6.2: Log-log plot of the decay of a sinusoidal velocity profile for an L = 2 integer lattice
gas with a full collision set with statistical detailed-balance. The decay of velocity profiles at four
different densities, d = 0.1,0.25,0.65, and 0.9, are plotted. The linear fit is extremely good at all
densities. The data were computed on the CAM-8 on a 512 x 512 simulation space. At each density
50 data points were taken at intervals of 200 time steps.
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Figure 6.3: Kinematic viscosity versus fractional occupation, or reduced density, of an L = 2
integer lattice gas with a full collision set with statistical detailed-balance. The solid curve represents
a mean-field theoretical predictions and the data points represent numerical measurements carried
out on the CAM-8 uses the method of a decaying sinusoidal velocity profile. The simulation was
carried out on a 512 space. The comparison of theory and numerical experiment is good at medium
densities.
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L = 2 example given above. However, for cases with larger values of L, storing the
full lookup table is impractical. Therefore, an alternative method that is suitable for
large L integer lattice gases is presented here.

In an integer lattice gas a group of L bits is used to encode a particle count in
each momentum state. We refer to this group of bits as a channel. To reduce the
size of the lookup table, one selects only subsets of the channels for updating in a
successive manner. Enough channel subsets are selected so that all channels have the
opportunity for updating. An example of this algorithm is described in this section
for an implementation on the CAM-8 prototype; it is constrained to no more than
216 = 64k collision configurations.

Let us denote the channels by n,,n,,...,n¢ and the rest-particle channel by ny.
Let {7} denote set of a four channels, where @i = (na,np,nc,np). If d is the back-

ground density, define the particle deviations A, B, C, and D, as follows

ng = 2ld+ A (6.6)
ng = 2"d+ B (6.7)
ne = 2Md+C (6.8)
np = 2Ld+D. (6.9)

(6.10)

A collision set has the property that the first two channels of the set form a pair,
the AB-pair, and the last two channels in the set form a pair, the C'D-pair, in such
a way that a four-channel HPPP-type collision can occur between the two pairs. For
example, {n,ns,n3,n4} is an appropriate collision set. So only those operations that

act on a collision set {4, B,C, D} that transfers particles between the AB-pair and
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the C D-pair are used. The collision operator is
1
Q= i [nAnB(2L —ne)(2" — np) — nenp(2F —ng)(2F — nB)] . (6.11)

We can also write this collision operator as follows

1 1
57 (AB~CD)(1-2d)~

= (A+B-C-D)d(1-d)+ [AB(C + D) + CD(A+ B)].
(6.12)
This way of writing () shows its explicit dependence on d. The practicality of this
form of the collision operator comes from the fact that one can use the bits in an
integer lattice gas simulation to directly encode the deviations of the particle counts
from their mean value. In this way a greater “dynamic range” is achieved. The look-
up tables generated depend on the background density. This is a unique feature of
an integer lattice gas.
Since finite integer mathematics is used, there may be some numerical round-off
error in doing the divisions in (6.11). This is corrected by the following procedure.

The particle count that passes from one pair to the other is called the transfer amount

and is denoted 7. If 2 < 0 then

T = min(4, B,2" - C,2L — D, ), (6.13)
or else for {2 > 0 then

T =min(2" - 4,2Y — B,C, D, ). (6.14)

This ensures the transfer amount does not exceed either the number of particles in
the losing channels or the number of holes in the gaining channels. Then if the update

procedure

A = A-T (6.15)




B = B-T (6.16)
C = C+T (6.17)
D = D+T (6.18)

(6.19)

is used, the dynamics is unconditionally stable.

A complete collision operator to take us from one input state at time ¢ to an
output state at time t + 7 is constructed by choosing a number of collision sets and
then arranging them in a particular sequence. With B = 6 channels there are three

possible collision sets (see Figure 3.1). They are

{nl y N4, M3, Tlﬁ}
{n1,n4,n5,n2}

{ns,nz,ns,ne}-

If a rest particle channel, no, is included, then there are six additional possible colli-
sions sets. They are

{ns» Ng, N4, nﬁ}

{n1,n3,n9,n0}

{ns,n1,16,n0}

{na,no,nmncx}

{nl»no,nz,nﬁ}

{n5a ng, ng, no}-
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We define a forward collision sequence, denoted by 7 7, by the following 9 collision

sets

{ns,n0, 14, nﬁ}
{n1,n3,n9, no}
{n1,n4n3, ne}

{ns5,n1,n6,m0}
{n3,n0,n9, ng}
{711, N4, n53n2}
{711, no, N2, e}
{ns,n3,n4, no}

{n5v N2, ny, 716}

The reverse collision sequence, denoted by 7,, is a sequence in just the reverse order of
7iy. For the purpose of analytical calculations, the microdynamical update equation

with a recursive collision operator is the following
n = n+ Q[(7 + Q7,]).]- (6.20)

The transition probability for a particular collision will then be T(n — n') = %
In the computer implementation of an integer lattice gas, I actually use the fol-
lowing decomposition in time. On even time steps the forward collision sequence is

used and on odd time steps the reverse collision sequence is used.

n(l) = n(0)+ Qi(0),] (6.21)
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n(2) = n(l)+ Q1)) (6.22)

(6.23)

It is necessary to use this alternating method to ensure that chirality effects do not
induce any spurious invariants.

Examples of L = 2 and L = 4 integer lattice gas simulations are given in Fig-
ures 6.5 and 6.4 illustrating the Von Karman instability. In fact the latter simulation
illustrates the transition from laminar to chaotic flow. This significance of this nu-
merical test is to verify that the integer lattice gas behaves as a Navier-Stokes fluid
as predicted and to provide a qualitative test of the model. The L = 2 integer lattice
gas using the table lookup algorithm described in Appendix E. This L = 2 integer
lattice gas was only a few times slower than the L = 1 gas. The L = 4 integer lattice
gas running on the CAM-8 using the channel sampling algorithm described in this
seétibn was an order of magnitude slower than an L = 1 lattice gas on the CAM-S.

Note that here, a novel technique is used to visualize the flow past the cylindri-
cal obstacle. A second lattice gas with attractive nonlocal interparticle interaction
“foats”, in its liquid phase, above the integer lattice gas.  This liquid is injected on
the left side of the simulation space at regular intervals and is advected by the local
momentum of the integer lattice gas. Bulk momentum is filtered on the right side
of the simulation to eliminate periodicity. The liquid flow does not affect the hydro-
dynamics of the integer lattice gas and is simply a passive fluid. Surface tension in

the liquid allows a natural type of streamline visualization very much in analogy with

inserting tracer ink into water flow.
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Figure 6.4: Simulation on the CAM-8 prototype of flow past a cylinder. An L = 2 integer lattice
gas on a triangular lattice using uniform sampling by table lookup for detailed balanced collisions
on a 2048 x 1024 lattice was used. Time series plots from laminar flow, Re = 0, through the
vortex shedding regime, Re > 42, to the vortex street flow regime are shown. Fluid streamlines are
illustrated using a liquid tracer fluid (an L = 1 long range lattice gas) with no coarse-graining. The
first frame shown is at £ = 100 and the last frame is at ¢ = 29,000. The gas is at rest at ¢ = 0,
v =0, and is quickly accelerated to a steady state low Mach number background flow.
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Figure 6.5: Simulation on the CAM-8 prototype of flow past a cylinder. An L = 4 integer lattice
gas on a triangular lattice using a four channel sampling algorithm on a 2048 x 1024 lattice was
used. Time series plots from laminar flow, Re = 0, through the vortex shedding regime, Re > 42, to
the chaotic flow regime, Re > 10% are shown. Fluid streamlines are illustrated using a liquid tracer
fluid (an L = 1 long range lattice gas) with no coarse-graining. The first frame shown is at ¢ = 1000
and the last frame is at ¢ = 370,000. The gas is at rest at ¢ = 0, v = 0, and is accelerated linearly
to v = 0.4c at £ = 370,000. The diameter of cylindrical obstacle is d = 128. The critical Reynolds
number for vortex shedding, Re = 42, occurs at approximately f ~ 40, 000. The maximum Reynolds
number achieved in simulation is Re ~ 1000.
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Chapter 7

Conclusion

7.1 Discussion

In this volume I have given a self-contained review of the foundations of the lattice gas
subject. Therefore, this volume will serve as the basis for more advanced lattice gas
applications treated subsequently. I have included enough material for the reader to
understand how viscous hydrodynamic systems can be modeled by this discrete par-
ticle dynamics on a crystallographic spacetime lattice using only local collisions and
streaming. This is ideally suited to parallel computation and even offers a paradigm
for a new fine-grained parallel computing architecture, which has taken the form of the
CAM-8 prototype lattice gas machine used to carry out the computations presented
in this volume.

I have given a brief history of the subject and have tried to explain my motivation
for working with lattice gases, including the conceptual simplicity and the inherent
efficiency beyond continuum molecular dynamics. I have introduced this discrete lat-
tice based formalism by telescoping upwards in scale from the microscopic domain of a
discrete transport equation, to the mesoscopic domain of the lattice Boltzmann equa-

tion, up to the viscous and incompressible Navier-Stokes equation in the macroscopic
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domain. I have shown that all the coefficients in the Chapman-Enskog expansion,
used as a bridge between mesoscopic and macroscopic regimes, are completely deter-
mined, including the shear viscosity transport coefficient. Consequently, the lattice

gas particle dynamics are completely defined by the geometry of the spacetime lattice.

I used lattice-tensors, formed by products of the lattice vectors summed over all
lattice directions and have shown that when these lattice-tensors are isotropic the
correct macroscopic equation of motion ensues. The choice of lattice is the triangular
lattice in two dimensions and the face centered hypercubic lattice projected onto three
dimensions since in these cases the lattice-tensors are isotropic. Given a lattice, all

the properties of the system were fixed.

The form of the macroscopic hydrodynamics is determined by the invariants of
the dynamics: mass, momentum, and energy. Therefore, the lattice gas method is
a first principles description of fluid dynamics. Yet I believe it will find its greatest
application in various generalized forms not treated in this volume, in particular: first
the generalization to include nonlocal interparticle interaction so that complex hydro-
dynamics can be modeled at scales beyond that achieved by a traditional molecular
dynamics treatment; and second the generalization to lattice based quantum com-
putations where quantum behavior can be numerically captured that is otherwise
impossible by classical means. These two generalization of the lattice gas methodol-
ogy presented here each deserve there own place and so volume II treats multiphase

fluids and volume III treats quantum fluids.

Nevertheless, a contribution of this first volumne to lattice gas theory is a statistical
mechanics treatment of lattice gases that is based on a grand partition function for the

system. In this first volume, the main result is a generalization of a Boolean lattice gas
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to an integer lattice gas. By this generalization to the integer case, Galilean invariance
is restored and a slight reduction in viscosity is achieved. Moreover, there is significant
reduction in noisy density fluctuations. These gains are important to a community
interested in modeling for quantitative purposes. And finally, the integer lattice gas
retains detailed-balance in its collisions, and in turn, so does its total dynamics. One
achievement presented in here is the mean-field calculation of the shear viscosity of an
integer lattice gas that is done in arbitrary dimensions. Verification of the prediction
is by éomparision with exact numerical experiment, where the kinematic viscosity of
an L = 2 integer lattice gas fluid is measured on the CAM-8.

At the outset of my exploration of the integer lattice gas system, I had hoped that
a natural cross-over from Fermi-Dirac statistics to Bose-Einstein statistics would be
seen by going from the L = 1 limit to the infinite L limit. Remarkably, this hope
has in fact been realized. The Bose-Einstein distribution function is indeed recovered
in the L = oo limit. The statistics of integers is interesting in this context, and the
fractional distribution function is representable in simple closed form. In Volume
11, lattice-gas statistical mechanics is very useful since it allows us to perform a
Mayer cluster expansion of the equilibrium pressure and consequently perturbatively

determine the equation of state for a nonideal lattice gas fluid.

7.2 Summary of Lattice Gas Systems for Viscous
Fluids

7.2.1 Classical Integer Lattice Gas

0l (T + Céq,t + T) = n, (T, 1) + Q[73(F, )],
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for momentum directions @ = 1,..., B where the occupation variable is

L—1
— I
Mg = Z 2 Nal,
=0
and the collision operator is

L-1
Q=Y. 2.
=0
7.2.2 Multispeed Lattice Gas

n(& + €&, t + 7) = 09 (T,1) + Q0 (7(T,1)).

for momentum directions a = 1,...,B and speeds ¢ = 0,1,...,M.
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Appendix A

The Cellular Automata Machine
CAM-8

To better understand the lattice gas paradigm as a possible computing architec-
ture, a prototype machine has been constructed, called the cellular automata machine
CAM-8 and is shown in figure A.1. The CAM-8 architecture [65, 64] is the latest in a
line of cellular automata machines developed by the Information Mechanics Group at
MIT [89, 92, 66]. The CAM-8 architecture itself is a simple digital electronic realiza-
tion of the lattice gas scheme, and in the early 1990’s was tested against other parallel
supercomputers and is optimal at performing lattice gas simulations [107]. Lattice
gas data streaming and collisions are directly implemented in the architecture.

One can think of the discrete memory space within the CAM-8 as an artificial
microworld. This provides several compelling opportunities. First of all, the discrete
microworld paradigm with simple local rules governing the system’s evqlution made it
quite straightforward to construct the fine-grained parallel CAM-8 out of elementary

“chunks”.! Figure A.2 is a schematic diagram of a CAM-8 system. On the left is a

! An expanded machine, called the CAM-8-64 [91], in 1994 was designed to incorporate a billion
sites using the standard CAM-8 module. A new design using RAMBus memory chips and field
programmable gate arrays has recently been completed by Margolus and is two orders of magnitude
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Figure A.1: MIT Laboratory for Computer Science cellular automata machine CAM-8. This 8
module prototype can evolve a D-dimensional cellular space with 32 million sites where each site
has 16 bits of data with a site update rate of 200 million per second. The communication network is
a Cartesian three-dimensional mesh. Crystallographic lattice geometries can be directly embedded
into the CAM-8.

single hardware module—the elementary “chunk” of the architecture. On the :right
is an indefinitely extendable array of modules (in the CAM-8 prototype the array
is actually three-dimensional). A uniform spatial calculation is divided up evenly
among these modules, with each module containing a volume of 16 million lattice
sites. These sites are scanned in a sequential pipelined fashion. In the diagram, a
solid lines between modules indicates a local mesh interconnection. These wires are

used for spatial data movements.2

faster than the CAM-8.
*There is also a tree network (not shown) connecting all modules to the front-end host, a SPARC
workstation with a custom SBus interface card, that controls the CAM-8. It downloads a bit-mapped
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Figure A.2: CAM-8 system diagram. (a) A single processing node, with DRAM site data flowing
through an SRAM lookup table and back into DRAM. (b) Spatial array of CAM-8 nodes, with
nearest-neighbor (mesh) interconnect (1 wire/bit-slice in each direction.

The CAM-8 uses custom VLSI chips to céntrol data movement and commodity
dynamics random access memory (DRAM) to store its state data. Each site of the
lattice has 16 bits (or a multiple thereof). A 16-bit lattice site is also referred to as a
cell. Each bit of a cell is part of an entire bit plane of the lattice which is stored in
a single DRAM chip. Therefore, a bit plane can be “translated” through the lattice
arbitrarily by off-setting the pointer to the zeroth memory address in the DRAM
chip. The translation vectors for the bit planes are termed kicks. The specification of
the x,y, and z components of the kicks for each bit plane (or hyperplane) defines the
lattice geometry. The kicks can be changed during the simulation. Thus, the data

movement in the CAM-8 is quite general. Once the kicks are specified, the coding of

pattern as the initial condition for the simulations. It also sends a “step-list” to the CAM-8 to specify
the sequence of kicks and scans that evolve the lattice gas in time. One can view the lattice gas
simulation in real-time since a custom video module captures site data for display on a VGA monitor,
a useful feature for lattice gas algorithm development, test and evaluation. The CAM-8 has built-in
25-bit event counters allowing real-time measurements without slowing the lattice gas evolution.
This feature is used to do real-time coarse-grain block averaging of the occupation variables and to
compute the components of the momentum vectors for each block. The amount of coarse-grained
data is sufficiently small to be transferred back to the front-end host for graphical display as an
evolving flow field within an X-window.
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the lattice gas streaming is completed. In effect, the kicks determine all the global
permutations of the data.

The CAM-8 runs through its discrete dynamics with absolutely no round-off error
so that in a lattice gas simulation all additive conserved quantities are kept exactly
fixed throughout the course of a simulation. Its processors are ultimately simple,
each able to act on only a small number of bits of information at a time. This is
sufficient for a classical lattice gas algorithm that only permutes bits, never creating
or destroying bits of information, just shuffling them about. Permutations achieve
particle-conserving reversible dynamics and are used in all classical lattice gas imple-
mentations on the CAM-8. Local permutations of data occur within the cells. These
permutations are the computational metaphor for physical collisions between parti-
cles. The CAM-8 uses commodity static random access memory (SRAM) to store all
the local state transitions, or local rules.?

Within a CAM-8 classical lattice gas simulation, all information is exactly pre-
served in time, and as a consequence of this fact, at any point in a simulation one can
decide to reverse the computation: the state of the artificial microworld evolves back
to its initial state. Therefore the dynamics has a time-reversal invariance, or in other
words, the algorithm is logically invertible. Because of algorithm reversibility, CAM-8
lattice gas simulations are unconditionally stable, since transitions from one state to

the next are unitary operations. Unconditional stability in a numerical treatment is

3 Al local permutations are implemented in look-up tables. All possible physical events with a
certain input configuration and a certain output configuration are precomputed and stored in SRAM,
for fast table look-up. The width of the CAM-8 look-up tables is 16-bits, or 64K entries. This is
a reasonable width satisfying the opposing considerations of model complexity versus memory size
limitations for the SRAM. Site permutations of data wider than 16-bits must be implemented in
several successive table look-up passes. Since the look-up tables are double buffered, a scan of the
space can be performed while a new look-up table is loaded for the next scan.
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a highly valuable and desirable characteristic. Yet the CAM-8, which is a classical
computer, is it not limited to performing only unitary operations on its 16-bit cell
(i.e. permutations), it can do general mappings which are irreversible. Therefore, the
CAM-8 dissipates heat like any conventional computer, but an optimal lattice gas

computer would dissipate no heat as it processed through its simulation.
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Appendix B

Discrete Mathematics for Lattice
Calculations

B.1 Discrete Fourier Transform

Since a discrete Fourier transform is used in the course of the development in the
text of this dissertation, we review it in this appendix for completeness. Consider a
quantity A(Z) defined over the entire lattice. The discrete transform and its inverse

in one dimension are

Ak, = _\/l_‘;{ eFn Tt A(z) (B.1)
i}
= L e‘“"ﬂ’n .

The possible k-vectors are k, = 2n7/V[ and the lattice vectors are &, = ¢n, where n =
1,...,V and £ is the cell size. The generalization to D dimensions is straightforward.

Inserting (B.2) into (B.1) gives

1 : 1 )
Alky) = —= 3 ek [— > e A (k) (B.3)
\/V{r:} \/r{km}
1 i(kn—hkm)x
= Z A(km) -‘-/— Z e (kn—km) ‘] (B4)
{km} {=1}
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For the R.H.S. of this last expression to equal A(k,), the quantity in brackets must
be a Kronecker delta. Therefore, the resolution of the identity is
L5 pilkw—bm)a — B5
V Z € - Yam- ( . )
{z:}
Similarly, inserting (B.1) into (B.2) gives

o —itgrn |1 ikzm
Alx,) = \/V{kz,:}e [\/V{,m}e A(mm)] (B.6)

= E:AWM[%EBW“““q- (B.7)

{zm} {ki}
Again, for the R.H.S. of this last expression to equal A(x,), the quantity in brack-
ets must be a Kronecker delta. Therefore, the resolution of the identity is

1

%4 Z eik,.(ar,,,—:rn) = 6mn' (B8)

{kn}

B.2 Integration by Parts on a Lattice

We will need the following theorem for the discrete analog of integration by parts in

calculus.

Theorem: INTEGRATION BY PARTS ON A LATTICE.

The sum over the product of two quantities where one of the quantities is differcntiated
is equal to minus the sum over the product of the two quantities where the derivative
s exchanged to act on the other quantity, provided that the product vanishes at the

outer boundary of the lattice. That is,

ou(x
Z 05,)

{7}

Mﬂ:-ZM@a; (B.9)

T on lattice {i} & on lattice
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Prodf:
The theorem follows directly from the theorem of integration by parts in calculus by

converting the sum into an integral according to the recipe (2.44) given above

d(uv) [ 1 [ .p 3(uv)]
= d”;
Z on lattice C'; / 37:,

=0. B.10
Note that the R.H.S is always equals zero because of periodic boundary conditions,

Z on lattice

(&} .

uv| = 0. (B.11)

at periodic boundary

Expanding the derivative of the product then gives

&/ o)

Finally, (2.44) is used again now to convert the integrals back to sums
a 01

- Z[ “ () + u(Z)=— v

@ dx; oz,

This completes the proof. Q.E.D. O

=0 (B.12)

Z on lattice

] =0. (B.13)

& on lattice 2 on lattice

B.3 Discrete Green’s Function

Let us define a discrete Green's function of Poisson’s equation, denoted g(&,%"), as
follows

?g(T,7) '
da? = duet : (B.14)

where the Konecker delta, J,,/, is one if # = 2’ and zero otherwise. There is an implied

summation 82/92? = 9%2/022 + - -- + 9% /0x% = V2. A useful reflection symmetry of

the Green function is
9g(%,&) _  99(z,7) ' .
s RO (B.15)
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Note that (B.15) is an expression of the fact that the Green function, which is a
scalar, depends only on the separation x — #’. Let us see why this is so.
Using (B.2) for the discrete inverse Fourier transform, write the discrete Green

function as

9(%,%) = % > e FET (R, (B.16)

Inserting (B.16) into (B.14) gives
— =S R * T g(k) = 5. (B.17)

Equating (B.17) with (B.8) implies that the discrete Green function must be of the
form (k # 0)
- 1
k)= ———

This is the Green function in k-space. Using (B.1), the Fourier transform of (B.18)

(B.18)

gives the desired result for the Green function in 2-space

1 ’—'l'k;(.’t,' —:r:)
IEFF) =

= = (B.19)
7

We do indeed see that ¢(¥, ') is only a function of the separation distance between

Zand 2.
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Appendix C

The Parallel C-Star Language on
the CM-5: A Network
Communications Test

A parallel version of the C-language developed by Thinking Machines Corporation
is the C* language[87]. This is a well developed language in spirit very close to its
predecessor — it is as concise as the C-language itself. It offers many useful constructs
making the coding of algorithms for parallel data very efficient. As typical of most
parallel languages, an array operation is handled in a single instruction — for the
most part programming loops do not appear in the code. Most paralle]l computation
is achieved by data movement. The geometry of the problem is specified at the onset
by defining your the data structure’s shape. This is usually a D-dimensional array
with a certain size in each dimension. The shape definition defines all the needed
communication topology for the compiler. It is possible to declare boolean shapes in
C*. We have used this feature to encode each bit plane of the lattice-gas. This is
a convenient feature of the language making efficient use of memory. Normally, in a
lattice-gas code, one must extract and insert individual bits at the lattice sites. The

option of working directly with boolean arrays has therefore simplified the coding
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effort substantially. If individual elements of a parallel array must be accessed, C*
uses the syntax of parallel left indexing. Right indexing of arrays is reserved for its
usual C-language meaning. We use right indexed arrays to represent the individual
bit planes of the lattice gas.

An example of using a square shape with a lattice size of 1024 and using right

indexing for the 6 FHI bit planes is given in the following code fragment

#define LATTICE_SIZE 1024
#define PILE_SIZE 6

shape [LATTICE_SIZE] [LATTICE_SIZE]Lattice ;

bool:Lattice lattice0 [PILE_SIZE], latticel [PILE_SIZE] ,
lattice_next0 [PILE_SIZE], lattice_next1 [PILE_SIZE] ;

We have implemented a two-dimensional hexagonal lattice embedded into a three-
dimensional mesh. This implementation is isomorphic to our implemention in CAM-
Forth on the CAM-8 and GCC/DPEAC on the CM-5. Streaming of pleat 0 and pleat
1 are coded separately. We give a C* code fragment for this embedding. Note that
the comments to the right of the lines correspond exactly to the kick components

listed in Table 3.1. The C* code for streaming pleat 0 is the following

/¥ 0, 0, 1%/ lattice_next1 [0] = lattice0 [0] ;

/* 0,-1, 1 %/ to_torus_dim ( &lattice_nextl [1] , lattice0 [1] , 1, -1 ) H

/¥ 0,-1, 0 */ to_torus_dim ( &lattice_next0 [2] , lattice0 [2] , 1, -1) H

/* 1,-1, 1 =/ to_torus_dim ( &lattice0 [3] , lattice0 [3] , O, 1) ;
to_torus_dim ( &lattice_nextl [3] , lattice0 [3] , 1, -1 ) ;

/* 1, 0, 1 */ to_torus_dim ( &lattice_nextl [4] , lattice0 [4] , O, 1)

/¥ 0,1, 0 %/ to_torus_dim ( &lattice_next0 [5] , lattice0 [5]1 , 1, 1) ;

and the likewise, the code for streaming pleat 1 is the following

/* -1, 1,-1 %/ to_torus_dim ( &latticel [0] , lattice1 [0] , 0, -1) ;
to_torus_dim ( &lattice_next0 [0] , latticel [0] , 1, 1) ;

/* -1, 0,-1 %/ to_torus_dim ( %lattice_next0 [1] , latticel [1] , 0, -1 ) ;

/* 0,-1, 0 %/ to_torus_dim ( &lattice_nextl [2] , latticel [2] , 1, ~-1) ;

/* 0, 0,-1 %/ lattice_next0 [3] = lattice1 [3] ;

/* 0, 1,-1 %/ to_torus_dim ( &lattice_next0 [4] , latticel [41 , 1, 1) ;

/* 0, 1, 0 x/ to_torus_dim ( &lattice_nextl [5] , latticel [5] , 1, 1) ;
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With a few C* lines of code one can completely implement hexagonal lattice-
gas streaming. We have used the C* command to-torus-dim(destination pointer,
source, axis, distance) to shift the bit planes with toroidal boundary conditions. This
is an efficient communication routine for sending data in a regular fashion using
grid communications. The partitioning of the space between processors is handled

completely by the C* compiler. We will see how efficiently the compiler does this

partitioning in the discussion to follow.

o 20.
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Figure C.1: Performance runs on a 256-node CM-5 for an FHI hexagonal lattice em-
bedded into a 3D mesh. Performance significantly suffers by communication overhead

for small lattice sizes.

We have tested our C* implementation for different situations. Given a certain
lattice size, for example 1024 x 2048, with have found the performance of the CM-5 to

vary linearly with the number of processing nodes. This linear variation is expected
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so long as the lattice size is sufficiently large. To determine a reasonable lattice size,
we have performed repeated simulations with different lattice sizes but with a fixed
number of processors. The results obtained for a fixed 256-node partition of the CM-5
is given in figure C.1, in which we plotted simulation site update rates for lattice sizes
64 x 128,128 x 256, ..., 8192 x 16384. For small lattice sizes, the performance is very
poor, on the order of a million site updates per seconds. This is because the streaming
is limited by processor to processor communication bandwidth. As the lattice size
increases, the number of sites interior to the node grows and the number of sites
on the partition boundary deceases. Consequently, the site update rate continuously
improves with larger lattices. The update rate asymptotically approaches about 25
million site updates per second. This is equivalent to approximately 100,000 site
updates per processing node. This is roughly the maximum update rate achievable
on a SPARCstation 1. A full 512-node partition has a peak rate of about 50 million

site updates per second, which is about one quarter the speed of the CAM-8.
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Appendix D

Mach Number Expansion of the
Fermi-Dirac Distribution Function

D.1 Expanding the Single-Speed Fermi-Dirac Dis-
tribution Function

We begin with the most general form of the single particle distribution function,
appropriate for single speed lattice gases: the Fermi-Dirac distribution. Write the

distribution as a function of the sum of scalar collision invariants, a + Beq;v;, as

follows
1
fa= Fpnpra (D.1)
Expand the o and 8 as follows
[ 4
a = e+t gegv + O(v*) (D.2)
1
g = b+ -2"531'2 +O(). (D-3)
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A Taylor expansion to fourth order in v; of (D.1) about zero velocity is the following

fo = d (D.4)
( ),316,“—1
1 2
—Edu—d)a?:—,l

1 v
+§d(1 —-d)(1 - 2d)Jlea, €q;j 62’

Ui 1)2

1
—5d(1 - d)ren

1 v;v?
+'2'd(1 —d)(1- Qd)ﬁlazzem—(;r

—é(l(l —d)(1 — 6d + 64233 1 €ai€aj€ak Uity v"

+0(v?)

where d = f, |,=0. The coeflicients can be determined by taking the first three mo-
ments of the distribution function and equating them to the particle number density
(m X4 fo = p), the momentum density (mec ¥, €qifa = pv;) and the moment density

flux tensor (mc® ¥, €qi€q; fa = IL;;). The zeroth moment of (D4) is

v? 1 p2
— - = e — — B2 —
Zfa d d — oo + 5d(1—d)(1 - 2)8} 5 = d {D.5)
— 32
sy = L2457 (D.6)
D
The first moment of (D.4) is
1 1 v; o
— . —_ — (3 -
B ;emfa Dd(l d)ljl c | (D()
+d(1 —(1)“‘“2 s L — (1 - 6d + 6d2)3?
A | 22 " 2D 29D ¥2) !
= (l% (D.8)
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This implies the following

ﬁl = —T;_J (DQ)
_ D(1—2d)
g = W (DIO)

Substituting these last two expressions into (D.4), causes the ideal part of the lattice

gas distribution function to become

eqyideal n nD TLD(D + 2) o n(D + 2)
(fa q)L(:A = E‘ + 'Eem'ui + g—w—eﬂieajv;vj - g—20—2—§—-—v?, (D.ll)

where

(D.12)

The second moment of (D.4) is

1 . g v g vy
E ; em'eajfa 7 = ; e(u'eajd [1 - §(D + 2)‘6'2‘ + §D(D + 2)64;_-6“[—0,—2-

d v?
= —(1 - gc—z)é,-j - gdu;vj. (D13)

To summarize, using p = mn for the density and ¢, = 7% for the sound speed, the

following hold true

my (L = p (D.14)
meY eai (L) = pu, (D.15)

. )2
Mme® Y €qi€aj (f0 " = p(1 - gz_z)éfj + gpv;v; (D.16)
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D.2 Single Particle Distribution Function from
Symmetry

Begin by expanding the momentum flux density tensor to all the possible products

involving the E(® tensors that contract to a second rank tensor

M) (2 @) A@ 42

2 1 € 1 2
H;j = me°d (E,'j + ——E,'jk'llk + ——E‘;jklvkvl + 'ZQ—E.,'J"Uk’Uk - TE,'jmakw - -—C—E,-J-akuk

€
c I

(D.17)

where the superscripts on the constants € and A denote the order of the particular

terms. We will see that the tensor expansion (D.17) to fourth-rank in E is sufficient

to give the full Navier-Stokes equation. Fix two constants of (D.17) by looking at the

trace of the momentum flux tensor which, by (2.105), is proportional to the particle

mass density

i =me* Y fo = p (D.18)

or since by definition p = mn reduces to

0 ) e 2) \@
n=d|Ei+—FEu + “%"Eiiklvkvl + *‘%’Eﬁl’kl-’k ~ L Eiudv — 2-Edu | .
¢ ¢ c c

c
A (D.19)
Using (2.19) and (2.20), then (D.19) becomes
(2) (2) (2) (2)
B : AT B Al
n=d [B + (6—012--5 + B%—) Ve — (-‘5—5 + B—%—) 3k1!k] . (D.20)
The last two terms must vanish. This implies the following constraint on the constant
coefficients
n
I = — D.21
¢ B (D.21)
(2) 512)
5 = —— D.22
€2 D ( )
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(2)
@ _ M
N = -5 (D.23)

Call d the reduced density. The form of (D.17) then simplifies to
2 ¢ @ 1 A2 1
I = /JB [E.J + ""_Equk + — (Eijkl'ukvl - —D-Eijvkvk) - (Eijklak'vl - 'b'Eijak'Uk) .
(D.24)
Since II;; = mc? Y, €qi€ajfa, it immediately follows from (D.24) how to write the

equivalent expansion for the single particle distribution function f,

(1) 2) 2)
n € € 1 A
fo=5 [1 + —anvk +— (Cakealvkvl - —Ukvk) - (Cakealawl - —@.m)]
B D c
(D.25)
It is possible to determine the value of the constant €Y by multiplying (D.25) by &,
summing over lattice directions @, and equating the result to (2.106) (¥, €qifo = n%)

(1) (1)
n € ne
zem a = -T €aiCakVp = —Dc_l-"iv (D26)

which implies that €) = D. Using (2.19) and (2.20), multiplying (D.25) by eqi€q;j,

and summing over lattice directions a, then (D.25) gives us the following

B e? B B
; €ai€ajfa = { 0i; + = [m (030k1 + Girdj + 6udij) vrvy — -D-géij‘vkvk] -
P& B B
e [m (0:50k1 + 8i0j1 + 0it0j) Oy — ﬁ(sijakvkjl }
or
2ne? 2n A2

[ (D05 + Djv1) — 5ijakzrk].
(D.27)

Ze i€ajfa = ——-———[17.-'1',‘——1—-(5--112] A
ar-~ajsa D(D+2)2 7 Dl] D(D+2)

The value of the constant €? is determined by equating this result for 3°, €4i€a;fa

o (2.117). In the incompressible fluid limit, the divergence of the velocity field
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vanishes; dyv, = 0. Therefore fix the constant coefficient ¢ = %D(D + 2) to write

the shear viscosity as
pA@¢

OESE (D.28)

’]":

The expansion for f,, (D.25), becomes

n  nD nD(D +2 1 nA@
Jfo= E + ‘cgeak'uk —_2(c2—Bl (eakealvkvl - 'D‘Uk’l’k) - cB €ak€al Ok ;. (D-QQ)

Therefore, the ideal part of (D.29) is

eanidea n  nD nD(D+2). . n(D + 2
(fa q) feal = E + ;'B'Cm-w + —-5(023—)6“;6“1'1!,"17]- —_ —%?2}7)1’2 (D.30)

and in summary using p = mn for the density and ¢, = 7% for the sound speed this

satisfies
my_ (f) ! = p (D.31)
me Y eai (fu) Y = pu; (D.32)
a
me? Y eaicaj (fa) " = pc? (1 - z—2> 0ij + puv;. (D.33)
We can identify the pressure
. P
p = pc (1 - —2) . (D.34)
c

It appears to have a spurious dependence on the square of the velocity field, (1— 1(72), as
did the pressure in the lattice gas calculation in the previous section. Here the factor
g does not appear since the particle distribution function is Boltzmann distributed.
It is possible to fix this anomaly in the fluid pressure at the expense of redefining the
density. Chen et al. [23] have introduced a pressure-corrected equilibrium distribution

to have the following Chapman-Enskog expansion

eqrideal _ T D nD(D+2)_ . nD .
(f"Vpe = B + =B Seili + To@p  Cuifalili T 55t (D.35)
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which satisfies

2

eq\idea v
my (fpe = p(1= ) (D-36)
meY e (fa)pe = pu (D.37)
me® Y €4i€a; (f(,‘*q)‘j;’g“’ = pclsi; + puv;. (D.38)

Here the definition of the density is modified by the 1 — %—,Z- factor. By this point all the

constant coefficients of the expansion (D.17) are determined except for the coefficient

A2,
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Appendix E

Integer Lattice Gas
Implementation

The full set of equivalence classes modulo the triangular lattice isometries and particle-
hole symmetry for the L = 2 ihteger lattice gas with D = 2 and B = 6 is listed
below. Note that the first two equivalence classes have zero total momentum, for two
and three particles respectively, and have only one particle per site. These are the
equivalence classes for the FHP L = 1 lattice gas [42], which therefore is clearly a

subset of the L = 2 integer lattice gas. The format for this table is given in §6.1.

{3, 2, 0, o, {0, 0, 1, 0, 0, 1}, {0, 1, 0, O, 1, O}, {1, 0, O, 1, O, O}},
{2, 3, 0, o, {0, 1, 0, 1, 0, 1}, {1, 0, 1, O, 1, O}},

{3, 3, 2, o, {0, 0, 1, 0, 0, 2}, {0, 1, 0, 0, 1, 1}, {1, 0, O, 1, O, 1}},
{2, 3, 3, 1, {0, 1, 0, 0, 0, 2}, {2, 0, 0, O, 1, 0}}, :

{6, 4, 0, 0, {0, 0, 2, 0, 0, 2}, {0, 1, 1, 0, 1, 1}, {0, 2, 0, O, 2, O},
{1, 0, 1, 1, 0, 1}, {1, 1, 0, 1, 1, 0}, {2, 0, 0, 2, 0, O}},

{a, 4, 2, 0, {0, 1, 0, 1, 0, 2}, {1, 0, 1, 0, 1, 1},

{1, 1, 0, 0

0, 1, 0, 0, 2}, {1, 1, 0, 0, 1, 1}, {2, 0, O, 1, O, 1}},
,0,1,0,0, 3 {0,1,0,0, 1, 2},

{1, 0, 0, 1, 0, 2}, {2, 0, 0, 0, 2, 0}},
{2, 4, 4, 2, {1, 1, 0, 0, 0, 2}, {3, 0, 0, 0, 1, 0}},
{2, 4, 5, 1, {0, 1, 0, 0, 0, 3}, {2, 0, 0, 0, 1, 1}},
{6, 5, 0, 0, {0, 1, 1, 1, 0, 2}, {0, 2, 0, 1, 1, 1}, {1, 0, 2, O, 1, 1},
{1, 1,0, 2,0, 1}, {1, 1, 1, 0, 2, 0}, {2, 0, 1, 1, 1, O}},
{7, 5, 2, 0, {0, 0, 2, 0, 0, 3}, {0, 1, 1, 0, 1, 2},

{0, 2, 0, 0, 2, 1}, {1, 0, 1, 1, 0, 2}, {1, 1, 0, 1, 1, 1},

’
Ol
, 2, 0}, {2, 0, 0, 1, 1, 0}},
11
0
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{2’ 0) 0) 2’ 0)
{s, 5, 3, 1, {0,
{2, 0,1, 0,1,
{4, 5, 4, 0, {0,
{2, 0,0, 1,1,
{4, 5, 4, 2, {o,
{2, 1, 0, 0, 1,
{4, 5, 5, 1, {1,
{3, 0, 0,0, 2,
3, 5, 6, 0, {0,
{2, 5, 6, 2, {1,

1}, {2, 0, 1, 0, 2, 0}},
i, 1, 0, 0, 3}, {o,
1}, {2, 1, 0, 0, 2,
1, 0, 1, 0, 3}, {1,
1}},

2, 0, 0, 0, 3}, {2,
1}, {3, 0, 0, 1, 0,
0, 1, 0, 0, 3}, {1,
0}},

1, 0, 0, 1, 3}, {1, o,
1, 0, 0, 0, 3}, {3, o,

0}, {3, 0, 0,

1}},

0, 1, 0,
0, 0, 1, 1}

2, 0,0,1, 2},

0,1, 0, 1, 2},

1’ 0’ 0’ 1) 2}’

3},

{1, 1, 0, 1, 0, 2},
1, 0}},
{1, 1, 0, 0, 2,

1,
1},

0, 1, 0, 0, 2},

{2’ 0! 0’ 1) 0’ 2}’

{2, o0, 0, 0, 2, 1}},

}

{12, 6, 0, 0, {0, 0, 3, 0, 0, 3}, {0, 1, 2, O,

,
1, 2}, {o, 2, 0, 2, 0, 2},

{0, 2, 1, 0, 2, 1}, {0, 3, 0, 0, 3, 0}, {1, 0, 2, 1, 0, 2},
{1, 1, 1,1, 1, 1}, {1, 2, 0, 1, 2, 0}, {2, 0, 1, 2, 0, 1},
{2, 0, 2, 0, 2, 0}, {2, 1, 0, 2, 1, 0}, {3, 0, 0, 3, 0, 0}},
{9, 6, 2, 0, {0, 1, 1, 1, 0, 3}, {o, 2, 0,1, 1, 2} {1, 0, 2, 0, 1, 2},
{1, 1, 0, 2, 0, 2}, {1, 1, 1, 0, 2, 1}, {1, 2, 0, 0, 3, 0},
{2, 0, 1, 1, 1, 1}, {2, 1, 0, 1, 2, 0}, {3, 0, 0, 2, 1, 0}},
{8, 6, 3, 1, {0, 2, 0, 1, 0, 3}, {1, 0, 2, 0, 0, 3}, {1, 1, 1, 0, 1, 2},
{1, 2, 0, 0, 2, 1}, {2, 0, 1, 1, 0, 2}, {2, 1, 0, 1, 1, 1},
{3, 0,0, 2, 0, 1}, {3, 0, 1, 0, 2, 0}},
{8, 6, 4, 0, {0, 1, 1, 0, 1, 3}, {0, 2, 0, 0, 2, 2}, {1, 0, 1, 1, 0, 3},
{1, 1, 0, 1, 1, 2}, {2, 0, 0, 2, 0, 2}, {2, 0, 1, O, 2, 1},
{2, 1, 0, 0, 3, 0}, {3, 0, 0, 1, 2, 0}},
{5, 6, 4, 2, {1, 1, 1, 0, 0, 3}, {1, 2, 0, 0, 1, 2}, {2, 1, 0, 1, O, 2},
{3,0,1,0,1, 1}, {3, 1, 0, 0, 2, 0}},
{5, 6, 5,1, {0, 2, 0, 0, 1, 3}, {1, 1, 0, 1, 0, 3}, {2, 0, 1, O, 1, 2},
{2, 1, 0, 0, 2, 1}, {3, 0, 0, 1, 1, 1}},
{3, 6, 5,3, {1, 2,0,0,0, 3}, {3, 0,1, 0,0, 2}, {3, 1, 0, 0, 1, 1}},
{4, 6,6, 0,{1,0,1,0,1, 3 {1,1,0,0, 2,2} {2, 0,0, 1, 1, 2},
{3, 0, 0, 0, 3, 0}},
{3, 6, 6, 2, {2, 0, 1,0, 0, 3}, {2, 1, 0, 0, 1, 2}, {3, 0, 0, 1, 0, 2}},
{3, 6, 7,1, {1, 1, 0,0, 1, 3} {2,0,0,1, 0, 3}, {3, 0, 0, 0, 2, 1}},
{12, 7, 0, o, {0, 1, 2, 1, 0, 3}, {0, 2, 1, 1, 1, 2}, {o 3, 0, 1, 2, 1},
{1, 0, 3,0, 1, 2}, {1, 1, 1, 2, 0, 2}, {1, 1, 2, 0, 2, 1},
{1, 2, 0, 2, 1, 1}, {1, 2, 1, 0, 3, 0}, {2, 0, 2, 1, 1, 1},
{2, 1, 0, 3,0, 1}, {2, 1, 1, 1, 2, 0}, {3, 0, 1, 2, 1, 0}},
{13, 7, 2, 0, {0, 1, 2, 0, 1, 3}, {0, 2, 0, 2, 0, 3}, {0, 2, 1, 0, 2, 2},
{0, 3, 0,0,3, 1}, {1, 1, 1, 1, 1, 2}, {1, 2, 0, 1, 2, 1},
{2, 0, 1, 2, 0, 2}, {2, 0, 2, 0, 2, 1}, {2, 1, 0, 2, 1, 1},
{2, 1, 1, 0, 3, 0}, {3, 0, 0, 3, 0, 1}, {3, 0, 1, 1, 2, 0},
{1, 0, 2, 1, 0, 3}},
{10, 7, 3, 1, {0, 2, 1, 0, 1, 3},
{0, 3,0,0,2, 2} {1,1,1,1,0,3} {1, 2,0, 1, 1, 2},
{2, 0, 2,0, 1, 2}, {2, 1, 0, 2,0, 2}, {2, 1, 1, 0, 2, 1},
{2, 2, 0,0, 3,0} {3,0,1,1,1, 1} {3, 1,0, 1, 2, 0}},
{9, 7, 4,0, {0, 2,0, 1, 1, 3}, {1, 0, 2, 0, 1, 3}, {1, 1, 0, 2, 0, 3},
{1, 1,1, 0,2, 2}, {1,2,0,0,3, 1}, {2, 0, 1, 1, &, 2},
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{2’ 1’ 0’ 1, 2’ 1}, {3’ o’ 0’ 2’ 1, 1}’ {3, 0] 1’ 0’ 3’ 0}}’

{7, 7, 4, 2, {0, 3, 0, 0, 1, 3}, {1, 2, 0, 1, 0, 3}, {2, 0, 2, 0, O, 3},
{2, 1,1, 0, 1, 2}, {2, 2, 0, 0, 2, 1}, {3, 0, 1, 1, 0, 2},

{3, 1, 0, 1, 1, 1}}, '
{r, 7,5, 1, {1, 1, 1, 0, 1, 3}, {1, 2, 0, 0, 2, 2}, {2, 0, 1, 1, O, 3},
{2, 1,0, 1, 1, 2}, {3, 0, 0, 2, 0, 2}, {3, 0, 1, 0, 2, 1},

{3, 1, 0, 0, 3, 0}},

{3, 7,5, 3, {2, 1,1, 0, 0, 3}, {2, 2,0,0, 1, 2}, {3, 1, 0, 1, 0, 2}},

{6, 7, 6, 0, {0, 2, 0, 0, 2, 3}, {1, 1, 0, 1, 1, 3}, {2, 0, O, 2, O, 3},
{2, 0, 1,0, 2, 2}, {2,1, 0,0, 3, 1}, {3, 0, 0, 1, 2, 1}},

{4, 7, 6, 2, {1, 2,0, 0, 1, 3}, {2,1,0, 1, 0, 3}, {3, 0,1, 0, 1, 2},
{3, 1, 0, 0, 2, 1}},

{3,7,7,1, {2,0,1,0,1, 3}, {2,1,0,0, 2, 2}, {3, 0,0, 1, 1, 2}},

{2, 7,7, 3, {3, 0, 1, 0, 0, 3}, {3, 1, 0, 0, 1, 2}},

{3, 7,8,0, {1,1, 0,0, 2, 3, {2,0,0, 1,1, 3}, {3, 0, 0, 0, 3, 1}},

{2, 7, 8, 2, {2,1, 0, 0, 1, 3}, {3, 0, 0, 1, 0, 3}},

{18, 8, 0, 0, {0, 1, 3, 0, 1, 3}, {0, 2, 1, 2, 0, 3}, {0, 2, 2, 0, 2, 2},
{0, 3, 0, 2, 1, 2}, {0, 3, 1, 0, 3, 1}, {1, 0, 3, 1, 0, 3},

{1, 1, 2,1, 1, 2}, {1, 2, 0, 3, 0, 2}, {1, 2, 1, 1, 2, 1},

{1, 3, 0, 1, 3, 0}, {2, 0, 2, 2, 0, 2}, {2, 0, 3, 0, 2, 1},

{2, 1, 1, 2, 1, 1}, {2, 1, 2, 0, 3, 0}, {2, 2, 0, 2, 2, O},

{3, 0,1, 3,0, 1}, {3,0, 2,1, 2, 0}, {3, 1, 0, 3, 1, 0}},

{14, 8, 2, 0, {0, 2, 1, 1, 1, 3}, {0, 3, 0, 1, 2, 2}, {1, 0, 3, O, 1, 3},
{1, 1, 1, 2, 0, 3}, {1, 1, 2, 0, 2, 2}, {1, 2, 0, 2, 1, 2},

{1, 2, 1, 0, 3, 1}, {2, 0, 2, 1, 1, 2}, {2, 1, 0, 3, 0, 2},

{2, 1,1, 1, 2, 1}, {2, 2, 0, 1, 3, 0}, {3, 0, 1, 2, 1, 1},

{3, 0, 2, 0, 3, 0}, {3, 1, 0, 2, 2, 0}},

{12, 8, 3, t, {0, 3, 0, 1, 1, 3}, {1, 1, 2, 0, 1, 3}, {1, 2, 0, 2, O, 3},
{1, 2, 1, 0, 2, 2}, {1, 3, 0, 0, 3, 1}, {2, 0, 2, 1, 0, 3},

{2, 1,1, 1,1, 2}, {2, 2, 0,1, 2, 1}, {3, 0, 1, 2, 0, 2},

{3, 0, 2,0, 2, 1}, {3, 1,0, 2, 1, 1}, {3, 1, 1, 0, 3, 0}},

{11, 8, 4, o0, {0, 2, 1, 0, 2, 3}, {0, 3, 0, 0, 3, 2}, {1, 1, 1, 1, 1, 3},
{1, 2, 0, 1, 2, 2}, {2, 0, 1, 2, O, 3}, {2, 0, 2, 0, 2, 2}, ’
{2, 1, 0, 2, 1, 2}, {2, 1, 1, 0, 3, 1}, {3, 0, 0, 3, 0, 2},

{3,0, 1,1, 2, 1}, {3, 1, 0, 1, 3, 0}},

{8, 8, 4, 2, {1, 2, 1, 0, 1, 3}, {1, 3,0, 0, 2, 2}, {2, 1, 1, 1, 0, 3},
{2, 2,0, 1,1, 2}, {3,0, 2,0, 1, 2}, {3, 1, 0, 2, 0, 2},

{3, 1,1, 0, 2, 1}, {3, 2, 0, 0, 3, 0}},

{8, 8, 5, 1, {0, 3, 0, 0, 2, 3}, {1, 2, 0, 1, 1, 3}, {2, 0, 2, 0, 1, 3},
{2, 1, 0, 2, 0, 3}, {2, 1, 1, 0, 2, 2}, {2, 2, O, O, 3, 1},

{3, 0,1, 1,1, 2}, {3, 1, 0,1, 2, 1}},

{5, 8, 5, 3, {1, 3, 0, 0, 1, 3}, {2, 2, 0, 1, O, 3}, {3, 0, 2, 0, O, 3},
{3, 1,1,0,1, 2}, {3, 2, 0, 0, 2, 1}},

{6, 8, 6, 0, {1, 1, 1, 0, 2, 3}, {1, 2, 0, 0, 3, 2}, {2, 0, 1, 1, 1, 3},
{2, 1, 0, 1, 2, 2}, {3, 0, 0, 2, 1, 2}, {3, 0, 1, 0, 3, 1}},

{4, 8, 6, 2, {2, 1, 1, 0, 1, 3}, {2, 2, 0,0, 2, 2}, {3, 0, 1, 1, O, 3},

{3; 1) 0, 1, 11 2}}’
{2’ 8; 6: 47 {3s 1: 1’ 09 0: 3}» {3,

2, 0, 0, 1, 2}},
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{5) 89 7) 1’ {19 2’ 0! 0) 2) 3}’ {2) 1, 0) 1’ 1! 3}! {3) 01 0’ 2, 0) 3}!
{3, 0,1, 0,2, 2} {3, 1, 0, 0, 3, 1}},

{2, 8, 7, 3, {2

{3, 8, 8, 0, {2,

{2, 8, 8, 2,

{2, 8, 9, 1, {2, 1, 0,

{16, 9, 0, 0, {0, 2, 2, 1, 1, 3}, {0,
{1, 1, 2, 2, o, 3}, {1, 1, 3, 0, 2,
{1, 2, 2, 0, 3, 1}, {4, 3, 0, 2, 2,
{2, 1, 1, 3, 0, 2}, {2, 1, 2, 1, 2,
{2, 2,1, 1, 3,0}, {3,0, 2, 2,1,
{3’ 1’ 1’ 29 2’ 0}}’

{16, 9, 2, 0, {0, 2, 2, 0, 2, 3},

{0, 3, 0, 2, 1, 3}, {0, 3, 1, 0, 3,
{1, 2, 0, 3,0, 3}, {1, 2, 1, 1, 2,
{2, 0, 2, 2, 0, 3}, {2, 0, 3, 0, 2,
{2, 1, 2, 0, 3, 1}, {2, 2, 0, 2, 2,
{3,0,2,1, 2,1}, {3, 1, 0, 3, 1,

{12, 9, 3, 1, {0, 3, 1, 0, 2, 3}, {1,
{2, 0,3,0,1, 3}, {2,1,1, 2,0,
{2, 2, 0, 2, 1, 2}, {2, 2, 1, 0, 3,
{3, 1,0,3,0, 2}, {3, 1, 1, 1, 2,

{11, 9, 4, o, {o, 3, 0, 1, 2, 3}, {1,
{1, 2, 1, 0, 3, 2}, {2, 0, 2, 1, 1,
{2, 1,1, 1, 2, 2}, {2, 2, 0, 1, 3,
{3, 0, 2, 0, 3, 1}, {3, 1, 0, 2, 2,

{8, 9, 4, 2, {1, 3, 0, 1, 1, 3}, {2,

{2, 2, 1, o, 2,
{3, 1,1, 1, 1,
{8, 9,5, 1, {
{2, 2, 0, 1,
{3) 1, 0, 2’
{4, 9, 5, 3, {2,
{3, 2,0, 1, 1,
{8, 9, 6, 0, {0,
{2, 0, 2, 0, 2,
{3, 0, 0, 3, 0,
{6, 9, 6, 2, {1,
{3, 1, 0, 2, 0,
{2, 9, 6, 4, {2,
{4, 9, 7, 1, {2,
{3, 1,0, 1, 2,
{2, 9, 7, 3, {3,
{4, 9, 8, 0, {1,
{3, 0, 1, 0, 3,
{2, 9, 8, 2, {2,
{2, 9, 9, 1, {3,
{2, 9, 10, 0, {2,

1,
2,
1,

» 2, 0, 0,1, 3}, {3, 1, 0, 1, 0, 3}},

0, 1, 0, 2, 3}, {2, 1, 0, 0, 3, 2}, {3, 0, 0, 1, 2, 2}},

2}, {2, 3, 0, 0, 3,
2}, {8, 2, 0, 1, 2,

2,1, 0, 2,

3}, {1,

2}, {3, 0, 1, 2, 0,
2}, {3, 1, 1, 0, 3,

2,1, 0, 1,
2}},
3, 0,0, 3,

3}’ {2,

3}, {1'

3}, {2, 1, 0, 2, 1,
3}, {3, 0,1, 1, 2,

3, 0, 0, 2,

3}, {2,

3}, {3, 1, 1, 0, 2,

3,0, 0,1,

3}, {3’
3k, {2,

3}, {3,
3k, {2,

3}) {3’
3}, {3,
3}, {3,

{3, 0, 1’ 0' 1, 3}’ {3) 1’ 0’ 0’ 2’ 2}}’
0’ 2’ 3}’ {3’ 0’ 0! 1, 1! 3}}1

3, 0, 3, 0, 3}, {0, 3,1, 1, 2, 2},
2}, {1, 2, 1, 2, 1, 2},

1}) {2! 0! 3) 1, 1) 2})

1}, {2, 2, o, 3, 1, 1},

1}, {3, o, 3, 0, 3, 0},
2}1 {1’ 1) 2’ 1) 1’ 3}’
2}, {1, 3, 0, 1, 3, 1},
2}, {2, 1, 1, 2, 1, 2},

1}, {3, 0, 1, 3, 0, 2},

1}, {3, 1, 1, 1, 3, 0}},

2,1, 1, 1, 3}, {1, 3, 0, 1, 2, 2},
3}, {2, 1, 2, 0, 2, 2},

1}, {3, 0, 2, 1, 1, 2},

1}, {3, 2, 0, 1, 3, 0}},

1, 2, 0, 2, 3}, {1, 2, 0, 2, 1, 3},
3}, {2, 1, 0, 3, 0, 3},

1}, {3, 0, 1, 2, 1, 2},

1}},

1, 2, 0, 1, 3}, {2, 2, 0, 2, 0, 3},
1}, {3, 0, 2, 1, 0, 3},

1}},
3, 0,0, 3,2}, {2,1, 1, 1, 1, 3},
3}, {3, 0, 2, 0, 2, 2},

1}},
3,0,0, 2,2} {3,1, 1, 1, 0, 3},
2, 0, 1, 2, 3},
3}, {2, 1, 1, 0, 3, 2},
2}, {3, 1, 0, 1, 3, 1}},
2, 0,1, 1, 3}, {3, 0, 2, 0, 1, 3},
2}, {3, 2, 0, 0, 3, 1}},
2, 0, 1, 0, 3}},
2,0,0, 3,2} {3,0,1,1, 1, 3},
2, 0, 0, 2, 2}},
i, 0, 1, 2, 3}, {3, 0, 0, 2, 1, 3},
1, 0, 1, 1, 3}},
1, 0, 0, 3, 2}},

0, 0, 1, 2, 3}}




A simple, albeit memory intensive, algorithm that I have employed to implement
L =2, L =3, and L = 4 integer lattice gases uses a table lookup approach, similar
to that employed in the well known L = 1 case. For L > 1 however, more than a

“single lookup table is required. The algorithm presented here offers two advantages:
it is quite simple, and it provides statistically detailed balance in a straightforward
fashion.

The first step is to generate a binary sequence of integers from 0 to 28Z; this is the
first table, termed the configuration table.! For each entry in the configuration table
an equivalence class tag is then computed. The equivalence class tag, denoted Ic, is.
an integer that encodes the configuration’s mass and momentum. For the example of
the L = 2 integer lattice gas given above, where B = 6 and D = 2, the equivalance’

class tag may be defined as
3
Le=Am+B(2p)+C (‘/T.I;y) , (E.1)

where the constant coefficients A, B, and C are chosen so that I is always a positive
integer. The second step is to use (E.1) to generate a second table, termed the tag
table that corresponds one-to-one with the configuration table. Note that the tag table
will have many duplicate tags since several configurations can have the same tag. In
fact, grouping all the common tags together is the way to find all the configurations

that are members of an equivalence class.

INote that for B = 6 and L = 4, the total amount of memory needed to sort a single table is
3 x 221 bytes, or 48 megabytes. Therefore, since several tables are required in this algorithm, it is not
possible on current day supercomputers to simulate integer lattice gases with L > 4. To overcome
this deficiency, a polytope sampling algorithin was developed that trades off memory for time [17].
Since computational time is crucial for numerical efficiency, the polytope sampling method has not
been comnpetitive for smaller values of L but is necessary for large L.
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The tag table just described is then sorted. In the C language this can be easily
done by a calling a quick sort routine. The configuration table must be sorted along
the way as the tag table is sorted to keep all the tags and configurations in one-to-one
correspondence. At this point, all the configurations are now ordered in equivalence
class groupings so that each entry in the configuration table is now juxaposed to en-

tries in the same equivalence class. Another table is needed to continue the algorithm

construction.

The third step is to count the number of similar equivalence tags and to generate
a table that gives for each entry in the configuration table the size of the equivalence
class that contains that entry. This table is termed the size table. With a counter
initially set to zero, the size table is generated by sequentially scanning through the
tag table and incrementing the counter each time a duplicate tag is found. When
a new tag is encountered, this indicates the end of an equivalence class has been
reached, so the contents of the counter is just the size of the previous equivalence
class, Ngc. Before the counter is zeroed out to begin counting the size of the next
equivalence class, its value is repeatedly back copied NEC-times into the size table so

that there is a one-to-one correspondence to each entry of the configuration table.

Finally, the tag table is regenerated; it is in unsorted fashion again so that it can
serve as the main lookup table of the lattice gas simulation. Each tag is replaced with
the address of the first entry of the equivalence class with which this tag is associated.

The tag table is now a pointer table and can be used for table lookup purposes.

The configuration table, the size table, and the pointer table are computed bhefore
the integer lattice gas simulation begins and need bhe computed only a single time;

therefore, they impose no computational overhead.
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A collision takes place as follows. The incoming site data, s, is used as an acddress
into the pointer table. The outgoing site data, s’, now points to the first element in

its equivalence class in the configuration table, Shases
5 = Spage- (E.2)

Then s is also used to address the size table so that the size of the equivalence
class containing this configuration can be fetched, Ngc(s). A large random number,
denoted R, is generated and then taken modulo the size of the equivalence class to

obtain a small random number, denoted 7,
r = (R modNg(s))- (E.3)

Note that 0 < r < Ngs(s)—1. The final outgoing site data, s', is then easily computed

by using r as a memory offset from the base address
§ =8y + 1. (E.4)

In this way, integer lattice gases for L < 4 can be efficiently simulated on a computer

by table lookup.
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Appendix F

Counting States in Quantum
Mechanics

In quantum mechanics, in the canonical ensemble the partition function is

©= Zexp( u‘) (F-1)

where j sums over all accessible energy states. Denoting the energy eigenstates by

¥;(z) in the position representations, the Schrodinger eigenequation is
Hyj(x) = Ejj(a). (F.2)
The energy eigenfunctions are orthonormalized so
[ di(@)ps(@) = 6. (F.3)

Then the canonical partition function can be rewritten by inserting one into the

integrand

Q@ = Tew (-m) [ devsteresta) (F.4)
= Z/dlw] exp( :;) () (F.5)
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Now we would like to convert the sum over energy levels into a sum over momentum
states (actually into an integration over momentum states since we are considering
motion in a continuum). To this end, consider the complete set of orthonormal

momentum eigenfunctions

1 px
p(z,p) = ﬁexp (271'1%?-) . (F.6)

The energy eigenfunctions can be expressed as a linear combination of the momentum

eigenfunctions as follows

1 .px o
¥3(e) = — [ dpd(p)exp (2milT) (r.7)

Note that the orthonormality condition on the energy eigenfunctions implies that the

coefficients satisfy
ZA* i) =d(p-p). (F.8)

The partition function can now be rewritten as

Q = Z/(l'l [ 5% /dpA*( )exp( 27m—h—)] exp( g,) [Il /(lpA (p') exp (27r1l>]
7N /(h /dpexp ( 2#2-/7) exp ( 5) exp (2ﬂi?§) . (F.9)

In the classical limit, the integrand simplifies to the usual Boltzmann weight

oni) e (<) e (r) e (2) o
exp( 27mh)exp( LT) exp 27mh — exp T (F.10)

so the classical partition function for an N-particle system in the canonical ensemble

1

becomes

1 —H
chuuical = W/(lm/(lpexp (7“?) . (F.ll)

The remarkable point, which is quite well known, is that A3 is seen to be the “smallest

unit” of phasespace.
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